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Abstract

A preceding temporal–charge analysis of the Aether unit identified two exact representation
ranks that had previously been conflated with path counting: the complete forward-time
loxodromic realization has rank four, while the nonconstant Aether chronogeometry has rank
five. The numerical ratio 4/5 is therefore geometrically well defined, but rank counting alone
does not establish the physical scaling α

4/5
a . This paper supplies the missing realization calculus.

Let R be a positive realization operator on a finite-dimensional QMU representation space.
We require a scalar realization deficit to be continuous, invariant under basis change, additive
under independent direct sums, additive under composition of commuting positive realizations,
and antisymmetric under reciprocal inversion. These requirements select, up to normalization,
the logarithmic determinant measure

D(R) = − ln det R.

For an isotropic rank-n realization R = xIn, the measure is extensive:

D(xIn) = −n ln x.

This converts representation rank into multiplicity without treating the dimensions as sequential
paths.

The remaining physical input is stated explicitly as the Closure-Measure Conservation
Principle: when two complete representations describe redistribution of the same stationary
Aether closure asymmetry, with no source or sink of closure content between them, their total
logarithmic realization measure is invariant. Applying this principle to the rank-four forward
representation RF = αaI4 and the rank-five Aether resonance representation RA = ΞF I5 gives

−4 ln αa = −5 ln ΞF , ΞF = α4/5
a ,

or equivalently Ξ5
F = α4

a. The determinant equality is therefore a consequence of conserved
extensive realization measure rather than an independent constitutive guess. Because QMU
resonance is rson = Fq

2, the corresponding resonance realization is

ΞR = Ξ2
F = α8/5

a .

The paper audits the construction against Ledger One, reciprocal curl–magnetic-flux realization,
invariant Aether deformation measures, and the six-port common mode. The common mode is
shown not to generate the fractional exponent. The result isolates one new physical postulate
while deriving all subsequent exponent laws algebraically, providing the missing foundation
required before returning to the cosmological closure problem.

Keywords: Aether Physics Model; Quantum Measurement Units; closure measure; realization
operator; logarithmic determinant; four-fifths law; five-dimensional Aether; space resonance; Ledger
One; cosmology

1 Introduction

The appearance of the fractional exponents 4/5 and 8/5 in earlier APM cosmological work created
an interpretive problem [Thomson III, 2026d,e]. Earlier arguments associated 8/5 with eight directed
loxodromic arcs distributed over five closure constraints. Subsequent Aether-unit geometry made
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that interpretation unnecessary and, more importantly, structurally unsafe. The primitive forward-
time state set contains four loxodromic channels, while the nonconstant Aether chronogeometry
contains five independent modes. The natural primitive ratio is therefore

NF

NA
= 4

5 , (1)

and 8/5 should arise only after a quantity quadratic in the corresponding amplitude is formed.

The companion paper Temporal–Charge Factorization of the Aether Unit [Thomson III, 2026h]
established this rank distinction while deliberately leaving one step conditional: why should a
common fine-structure realization αa over a rank-four forward representation become α

4/5
a when

expressed isotropically over a rank-five Aether representation? Writing

det(αaI4) = det(ΞF I5) (2)

produces the desired result, but Equation (2) is not explanatory unless the determinant is itself
selected by a physical realization principle.

The present paper addresses precisely that missing step. It does not attempt to derive αa numerically,
nor does it reopen the temporal–charge factorization. Instead it asks:

What scalar measure of QMU realization is compatible with reciprocal closure, inde-
pendent composition, representation rank, and basis invariance; and what additional
physical conservation statement is required to transport one closure realization between
complete representations of different rank?

The answer separates cleanly into mathematics and physics. The mathematical requirements select
a logarithmic determinant realization measure. The physical statement is a single conservation
principle asserting that representation change does not create or destroy the closure content being
represented. Once those pieces are separated, the four-fifths law follows exactly.

2 Inherited Structures and Claim Discipline

The derivation uses four inherited structures, following the QADI institutional and QMU source
lineage [Thomson III, 2025a, 2026h].

First, Ledger One supplies the reciprocal QMU closure [Thomson III, 2025b, 2026c]

Au curl = Fq
2 λC

2. (3)

Thus a change in the organizing Aether state and a corresponding change in curl form a reciprocal
constitutive pair.

Second, Aether chronogeometry and relational geometry supply a six-port representation decomposed
as [Thomson III, 2026c,g,f]

R6 = H
(3)
S ⊕ H

(2)
T ⊕ H

(1)
0 , (4)

with dimensions
6 = 3 + 2 + 1. (5)
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The equal common mode H
(1)
0 is scalar packing participation. Removing that constant mode leaves

HA = H
(3)
S ⊕ H

(2)
T , dim HA = 5. (6)

Third, the four primitive forward-time orientation states admit the character decomposition [Thom-
son III, 2026g,h]

ϵσ,ξ = ϵM + σϵE + σξϵB + ξϵH , σ, ξ ∈ {−1, +1}. (7)
The four characters

{1, σ, σξ, ξ} (8)
span the complete forward realization representation

dim HF = 4. (9)

Fourth, QMU distinguishes quantum frequency and resonance:

rson = Fq
2. (10)

The epistemic separation used throughout this paper is:

1. Equations (3)–(10) are inherited.
2. The realization-measure theorem is mathematical, conditional on explicitly stated axioms.
3. Closure-measure conservation is a new physical principle.
4. The 4/5 and 8/5 exponent laws are consequences of items 1–3.

3 Why the Six-Port Common Mode Does Not Produce Four-Fifths

It is tempting to identify the removed scalar mode H
(1)
0 with a conserved carrier that converts rank

four into rank five. That shortcut fails.

The shared-interface operator of the relational geometry is

A = −PS + PT + P0, (11)

so a shared interface acts schematically as

(n, t, Π0) ↦−→ (−n, t, Π0). (12)

The common scalar packing participation is therefore continuous across the interface.

However, preservation of a normalized scalar amplitude does not introduce a dimensional exponent.
If the same scalar x is preserved,

x ↦−→ x, (13)
not

x ↦−→ x4/5. (14)
Remark 3.1. The common mode is essential to the six-port bookkeeping, but it is not the missing
exponent generator. The fractional exponent requires an extensive measure whose value scales with
representation rank.

This negative result is useful because it prevents the five-dimensional result from being confused
with a literal projection from five physical coordinates into four.
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4 Realization Operators

Definition 4.1 (Realization operator). Let H be a finite-dimensional real or complex representation
space. A realization operator is a positive-definite linear operator

R : H → H (15)

whose eigenvalues are positive dimensionless realization factors relative to an invariant QMU
reference.

Positivity is required because the logarithmic realization coordinate must remain real. Signs,
orientation labels, charge polarity, and handedness belong to the representation structure; they are
not encoded by making the realization magnitude negative.

For an isotropic realization,
R = xIn, x > 0, (16)

where n = dim H.

The construction is deliberately representation-theoretic. A rank-n realization is not interpreted
as n events occurring successively. It is one complete realization acting over an n-dimensional
independent state space.

5 Axioms for an Extensive QMU Realization Measure

We seek a scalar D(R) measuring realization deficit relative to the identity.

Definition 5.1 (Admissible realization measure). A scalar map D on positive-definite realization
operators is admissible if it satisfies:

R1. Identity normalization.
D(I) = 0. (17)

R2. Basis invariance. For every invertible change of representation basis S,

D(SRS−1) = D(R). (18)

R3. Independent-sector extensivity. For independent realization sectors,

D(R1 ⊕ R2) = D(R1) + D(R2). (19)

R4. Sequential multiplicativity becomes additive. For commuting positive realization
operators,

D(R1R2) = D(R1) + D(R2). (20)

R5. Reciprocal antisymmetry.
D(R−1) = −D(R). (21)
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R6. Continuity. Small continuous changes of realization produce small continuous changes of D .

These conditions encode the features already encountered repeatedly in QMU: invariant reference
states, reciprocal pairs, independent sectors, and continuous deformation.

6 Logarithmic Determinant Theorem

Theorem 6.1 (Logarithmic realization measure). Let D satisfy R1–R6 on finite-dimensional
positive-definite operators. Up to a constant normalization C,

D(R) = −C ln det R. (22)

Choosing the unit normalization C = 1 gives

D(R) = − ln det R. (23)

Proof. By basis invariance, D depends only on the positive eigenvalues of R. Diagonalize

R ∼ diag(r1, . . . , rn), ri > 0. (24)

By direct-sum extensivity,

D(R) =
n∑︂

i=1
d(ri), (25)

where d is the one-dimensional realization measure.

For positive scalars x and y, R4 gives the continuous Cauchy equation on the multiplicative group:

d(xy) = d(x) + d(y). (26)

Continuity implies
d(x) = K ln x (27)

for constant K. A realization smaller than unity is conventionally assigned positive deficit, fixing
K = −C with C > 0. Therefore

D(R) = −C
∑︂

i

ln ri (28)

= −C ln
(︄∏︂

i

ri

)︄
(29)

= −C ln det R. (30)

R1 and R5 follow automatically. Setting C = 1 fixes the normalization.

Corollary 6.2 (Isotropic rank law). For R = xIn,

D(xIn) = −n ln x. (31)

The rank enters because the determinant of an isotropic realization is

det(xIn) = xn. (32)

No path multiplicity is required.
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7 Compatibility with Reciprocal QMU Closure

The realization measure should reproduce, rather than contradict, established reciprocal QMU
relations.

Suppose two normalized QMU realization coordinates satisfy

ξXξY = 1. (33)

Then
D(ξX) + D(ξY ) = − ln ξX − ln ξY = − ln(ξXξY ) = 0. (34)

This is the additive logarithmic form of a multiplicative ledger invariant.

The AMC boundary supplies a concrete example [Thomson III, 2026a]:

ξcurl = D, ξmflx = D−1. (35)

Therefore
D(D) + D(D−1) = 0. (36)

Likewise Ledger One may be normalized about an invariant reference so that the fractional Aether-
unit realization and fractional curl realization are reciprocal. Their logarithmic deficits cancel.

Remark 7.1. The logarithm is not introduced to fit a fractional exponent. It is already the natural
additive coordinate of reciprocal multiplicative closure.

8 Relation to Existing Aether Deformation Measures

Aether chronogeometry already distinguishes invariant global measure from redistributed local
geometry [Thomson III, 2026c]. In the Aether-unit mathematics [Thomson III, 2026b], admissible
deformation preserves intrinsic surface measure while allowing local geometry to change. In the
matter-coupled chronogeometry, the physical area of a completed particle state remains λC

2 while
Aether arc length and Ligamen length may deform reciprocally.

The present construction is not identical to surface-area conservation. Surface measure and realization
measure live on different mathematical objects. The analogy is structural:

local redistribution + global invariant. (37)

For surface geometry the invariant is an intrinsic geometric measure. For representation transfer
the proposed invariant is total logarithmic realization content.

This distinction prevents a category error. The angular closure 16π2, the physical area λC
2, and

the realization deficit D are not interchangeable quantities.
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9 Closure-Measure Conservation Principle

The mathematical theorem identifies the admissible extensive measure. It does not by itself say that
two different representations must have equal values of that measure. That is the physical step.

Definition 9.1 (Closure-Measure Conservation Principle). Let H1 and H2 be complete representa-
tions of the same stationary Aether closure asymmetry. If the transformation from one representation
to the other is a redistribution of realization with no source, sink, creation, or destruction of the
underlying closure content, then

D(R1) = D(R2). (38)

This is the sole new physical principle required for the fractional realization exponent.

It should not be confused with a statement that every arbitrary map between spaces of different
dimension preserves determinant. It applies only when the two complete representations encode the
same closure asymmetry and when no additional closure source or sink enters the mapping.

10 General Rank-Transfer Law

Theorem 10.1 (Isotropic rank-transfer law). Let a closure realization x act isotropically on a
complete rank-n representation and let the same conserved closure content be represented isotropically
by y on a complete rank-m representation. Under Closure-Measure Conservation,

y = xn/m. (39)

Equivalently,
xn = ym. (40)

Proof. Using Equation (31),
−n ln x = −m ln y. (41)

Therefore
m ln y = n ln x, (42)

and exponentiation gives Equations (39) and (40).

This theorem is broader than the particular Aether application. It gives a falsifiable rule for any
future QMU representation transfer satisfying the same hypotheses.

11 The Four-to-Five Aether Realization

The complete forward-time realization is rank four:

dim HF = 4. (43)

The complete nonconstant Aether resonance representation is rank five:

dim HA = 5. (44)
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Let the primitive common fine-structure realization over the forward representation be

RF = αaI4. (45)

Its realization deficit is
DF = − ln det(αaI4) = −4 ln αa. (46)

Let the equivalent isotropic Aether realization be

RA = ΞF I5. (47)

Then
DA = −5 ln ΞF . (48)

Closure-Measure Conservation requires

−4 ln αa = −5 ln ΞF . (49)

Hence
ΞF = α4/5

a . (50)

Equivalently,
Ξ5

F = α4
a. (51)

Corollary 11.1 (Determinant equality). The determinant equality

det(ΞF I5) = det(αaI4) (52)

is a consequence of Closure-Measure Conservation and is not an independent constitutive assumption.

This reverses the logical order of the earlier provisional construction.

12 Why Four Does Not Mean Four Simultaneously Occupied Par-
ticles

The rank-four forward representation is the complete state capacity generated by the two electrostatic
sectors crossed with the two temporal-torque handednesses. A particular material LC occupies one
exposed loxodromic channel. The other channels remain available Aether realization sectors.

Consequently,
α4

a (53)

is not a probability that four mutually exclusive particle states occur simultaneously. It is the
determinant of an isotropic scalar realization acting on a rank-four representation.

This point is essential for physical interpretation. Representation multiplicity and material occupation
multiplicity are different concepts.
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13 From Four-Fifths Frequency Realization to Eight-Fifths Reso-
nance

QMU resonance is frequency squared:
rson = Fq

2. (54)

If the effective realization of the quantum-frequency scale is

Fq
eff = FqΞF , (55)

then

rsoneff = (Fq
eff)2 (56)

= Fq
2Ξ2

F (57)
= rson α8/5

a . (58)

Therefore
ΞR ≡ rsoneff

rson = α8/5
a . (59)

The exponent 8/5 is thus not a count of eight directed loxodromic paths. It is

8
5 = 2

(︃4
5

)︃
, (60)

where the factor 2 comes from the QMU definition of resonance.

For the domain-resonance unit
dtrd = volm rson, (61)

holding the invariant elementary domain volm = λC
3 fixed gives

dtrdeff = dtrd α8/5
a . (62)

14 What Has and Has Not Been Derived

Table 1 states the result without collapsing its epistemic layers.

The unresolved physical question has therefore been reduced to one statement: does closure content
remain invariant when the rank-four forward realization is expressed over the complete rank-five
Aether resonance substrate?

That question can now be attacked independently rather than hidden inside an exponent.

15 Falsification and Failure Modes

The construction fails or requires modification under any of the following conditions.
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Table 1: Derivation audit for the four-fifths realization law.
Status Statement Basis

Inherited dim HF = 4 Four primitive forward-time character
states / loxodromic channels

Inherited dim HA = 5 Six-port decomposition with one
equal common mode removed: 3 + 2
nonconstant modes

Derived mathemat-
ically

D(R) = − ln det R R1–R6: normalization, basis
invariance, direct-sum extensivity,
multiplicative additivity, reciprocity,
continuity

New physical prin-
ciple

DF = DA Closure-Measure Conservation for
two complete representations of the
same stationary closure content

Derived conse-
quence

ΞF = α
4/5
a Rank-transfer theorem with n = 4,

m = 5
Inherited + de-
rived

ΞR = α
8/5
a QMU rson = Fq

2 applied to the
four-fifths frequency realization

Rejected shortcut H
(1)
0 as exponent generator Common-mode amplitude continuity

does not produce a rank exponent

1. Rank failure. If the complete forward realization is not rank four, or the nonconstant Aether
resonance substrate is not rank five, the exponent changes.

2. Non-isotropic realization. If αa or ΞF acts anisotropically, the determinant law remains
applicable but the scalar power law must be replaced by the product of eigen-realizations.

3. Closure source or sink. If representation transfer creates or destroys closure content,
Equation (38) does not apply.

4. Non-multiplicative realization. If physical realization composes by an operation other
than multiplication, R4 must be replaced and the logarithmic measure need not follow.

5. Breakdown of reciprocity. If QMU reciprocal pairs cannot be represented by inverse
realization operators, the proposed measure loses one of its principal physical motivations.

6. Resonance redefinition. If the relevant cosmological quantity is not governed by QMU
rson = Fq

2, the passage from 4/5 to 8/5 is invalid.

These failure modes are useful because they separate a test of the representation calculus from a
test of any later cosmological model.

16 Implication for the Cosmology Program

The principal obstacle in the earlier cosmology derivations [Thomson III, 2026d,e] was the unsup-
ported interpretation of the fractional exponent. That obstacle is now substantially isolated.

The cosmology paper may use
ΞF = α4/5

a (63)
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as the output of the present realization calculus, provided it cites Closure-Measure Conservation as
the physical premise. It may then use

ΞR = α8/5
a (64)

where the cosmological source is explicitly a resonance-level quantity.

This does not by itself complete cosmology. A separate derivation is still required for the map from
local or domain resonance realization to the large-scale expansion observable. In particular, any
relation of the form

H2 = ΓHFq
2α8/5

a (65)
contains two logically distinct pieces:

1. the source scaling α
8/5
a , supplied by the present paper;

2. the cosmological projection and normalization ΓH , which must be derived from the Aether
response geometry rather than selected to reproduce a Friedmann coefficient.

The present result therefore closes the exponent problem but leaves the large-scale response law as
the next derivation target.

17 Discussion

Three conceptual improvements follow.

First, the 4/5 law is no longer justified by numerology. Four and five are representation ranks
established independently by the forward-state and six-port constructions.

Second, the determinant is no longer inserted ad hoc. It follows from the requirements placed on an
extensive multiplicative realization measure. The determinant equality is a corollary of conservation.

Third, 8/5 is restored to its correct QMU role. It belongs to resonance because resonance is frequency
squared. This removes the need to reinterpret four loxodromes as eight directed material paths.

The remaining physical principle is narrow enough to be useful. Closure-Measure Conservation
asserts neither ordinary energy conservation nor conservation of angular area. It asserts invariance
of the total dimensionless realization content when the same stationary closure asymmetry is
redistributed between complete representations.

That statement is compatible with the broader APM pattern in which invariant global structures
coexist with local deformation. Whether it can ultimately be derived from a more primitive Aether
action, packing functional, or variational closure remains open.

18 Conclusions

The four-to-five Aether realization problem can be expressed without deleting an Aether dimension,
multiplying particle paths, or assuming a determinant equality.

For a positive realization operator R, the requirements of basis invariance, direct-sum extensivity,
multiplicative additivity, reciprocal antisymmetry, and continuity select

D(R) = − ln det R.
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For an isotropic rank-n representation,

D(xIn) = −n ln x.

The complete forward-time realization has rank four and the complete nonconstant Aether resonance
substrate has rank five. Under the explicitly stated Closure-Measure Conservation Principle,

−4 ln αa = −5 ln ΞF ,

so
ΞF = α4/5

a .

Because
rson = Fq

2,

the resonance realization is
ΞR = α8/5

a .

The result converts the former determinant-equivalence assumption into a derived corollary and
isolates the remaining new physics in one conservation principle. The fractional-exponent foundation
is therefore sufficiently explicit to return to the cosmological problem. The next paper must derive
the cosmological response and projection law independently; the exponent should no longer be fitted
or justified by eight-path counting.

A Compact Derivation Ledger

dim HF = 4, (66)
dim HA = 5, (67)

D(R) = − ln det R, (68)
D(αaI4) = −4 ln αa, (69)
D(ΞF I5) = −5 ln ΞF , (70)
DF = DA =⇒ 4 ln αa = 5 ln ΞF , (71)

ΞF = α4/5
a , (72)

Ξ5
F = α4

a, (73)
ΞR = Ξ2

F = α8/5
a , (74)

dtrdeff = dtrdα8/5
a . (75)

B Anisotropic Generalization

Suppose the rank-n source realization has eigenvalues

x1, . . . , xn (76)
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and the rank-m target realization has eigenvalues

y1, . . . , ym. (77)

Closure-Measure Conservation gives

−
n∑︂

i=1
ln xi = −

m∑︂
j=1

ln yj , (78)

hence
n∏︂

i=1
xi =

m∏︂
j=1

yj . (79)

Thus the determinant law survives anisotropy even when no single fractional scalar exponent exists.

C References and Source Lineage

The present paper relies on the QADI/APM source lineage comprising the institutional QMU
reference [Thomson III, 2025a], the topological Au/kC = 16π2 closure [Thomson III, 2025b], Aether-
unit chronogeometry and the five-dimensional relational construction [Thomson III, 2026c,g,f],
the AMC realization-coordinate work [Thomson III, 2026a], and the companion temporal–charge
factorization paper [Thomson III, 2026h]. The earlier cosmological papers [Thomson III, 2026d,e]
are retained as prior provisional constructions whose exponent interpretation is superseded by the
present rank-transfer derivation.
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