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Abstract

An open polarization-resolved dataset recently established coherent angular-momentum
transfer between doubly degenerate Eu and Eg lattice modes in Bi2Se3. The reported crystal
interaction maps each circular component of the output mode to the square of the opposite
circular component of the input mode. This work reduces that component law to a continuous,
parameter-free helicity transfer relation. For normalized helicity H, the quadratic operator
requires

Hout = − 2Hin

1 + H2
in

,

and the normalized output spectral intensity must satisfy

S0,out = C
2 S2

0,in(1 + H2
in).

A reanalysis of the deposited right-handed elliptical, linear, and left-handed elliptical measure-
ments finds that the helicity law reduces the central-mode squared error by a factor of 46.90
relative to simple sign reversal. A single transfer coefficient yields R2 = 0.9703 for output inten-
sity, whereas a helicity-independent quadratic model yields R2 = 0.0546. Leave-one-state-out
intensity predictions have errors of −0.41%, +6.41%, and −3.69%. Across 81 matched analysis
windows, the nonlinear law outperforms simple reversal by factors from 24.25 to 147.20, and
a freely fitted transfer order has median p = 1.923, close to the preregistered quadratic value
p = 2. Defining the helicity coordinate χ = artanh H linearizes the result to χout = −2χin. The
same transfer index therefore closes the measured freq multiplication, circular-component phase
winding, continuous helicity transformation, and C3 crystal-angm conservation. The general
opposite-helicity law is H

(p)
out = − tanh[p artanh(Hin)], providing direct tests for higher-order

lattice interactions.

Keywords: Aether Physics Model; Quantum Measurement Units; phonon angular momentum;
helicity multiplication; nonlinear phononics; crystal symmetry; bismuth selenide

1 Introduction

Angular momentum carried by lattice motion has progressed from theoretical construction to
direct measurement and coherent control. Phonon angm was formulated as a microscopic lattice
quantity by Zhang and Niu [2014], measured macroscopically in chiral tellurium by Zhang et al.
[2025], and recently tracked during coherent transfer between crystal modes by Minakova et al.
[2026a]. The latter experiment provides an unusually complete test system because both orthogonal
components of the output lattice trajectory were measured, the input field trajectory was resolved,
three polarization states were prepared, and the experimental source arrays were deposited openly
[Minakova et al., 2026b].

The original work demonstrated a three-phonon conversion in Bi2Se3: two quanta of a doubly
degenerate infrared-active Eu mode generate one quantum of a doubly degenerate Raman-active
Eg mode. The output mode has approximately twice the input freq and the opposite helicity.
In the particle description, the process conserves crystal pseudoangular momentum modulo the
threefold rotational symmetry. In the field description, the crystal potential produces a quadratic
cross-helicity relation between circular components [Minakova et al., 2026a].

The componentwise quadratic interaction itself is inherited from the source experiment and is not
claimed here as new. The new result is the reduction of that interaction to a closed continuous
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map from arbitrary input helicity to output helicity, together with a polarization-dependent output-
intensity invariant and direct tests of both relations against the deposited measurements. The
analysis therefore advances from the reported observations of freq multiplication and opposite
helicity to a parameter-free geometrical law that predicts intermediate ellipticities, relative output
intensities, and held-out polarization states.

The Aether Physics Model (APM) and Quantum Measurement Units (QMU) treat geometry and
dimensional closure as mutually constraining descriptions [Thomson III, 2025, Thomson, 2025]. The
present problem is especially suitable because its central observables are dimensionless helicity, an
integer interaction order, a discrete symmetry modulus, and ratios of freq and normalized intensity.
A successful law must therefore close without an adjustable helicity parameter and must predict
more than the already observed sign reversal.

The main result is a quadratic helicity multiplication law,

Hout = − 2Hin
1 + H2

in
(1)

accompanied by a polarization-dependent output-intensity law,

S0,out = C
2 S2

0,in(1 + H2
in). (2)

Equation (1) contains no fitted coefficient. Equation (2) contains one common scale coefficient C,
but its polarization factor is fixed by geometry. Together they convert the qualitative statement
“helicity reverses” into a quantitative transfer operator.

2 Experimental Basis and Scope

2.1 Measured system

The source experiment used a thin single-crystal Bi2Se3 epilayer with its threefold axis normal to
the sample. A tailored terahertz field prepared right-handed elliptical, nearly linear, and left-handed
elliptical states near the Eu mode. The two orthogonal components of the Raman-active Eg response
were measured through polarization-resolved transient birefringence. The output mode lies near
twice the input mode freq and is outside the principal excitation spectrum, establishing nonlinear
conversion [Minakova et al., 2026a].

This paper does not re-estimate the material parameters, anharmonic coefficients, or microscopic
eigenvectors. It accepts the following experimentally established elements from the source work:

1. the input field prepares the degenerate Eu mode through linear coupling at the input mode;
2. the output Eg components are separately measured by the two probe orientations;
3. the dominant pathway is phononic rather than direct photonic driving;
4. the lowest-order crystal interaction is quadratic in the Eu coordinates and linear in the Eg

coordinate;
5. the relevant crystal symmetry is C3.
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The new analysis begins from the deposited time-domain field trajectories and complex output
spectra. It asks whether one quadratic geometrical operator predicts both the helicity and relative
intensity of all three polarization states.

2.2 Source arrays

The primary analysis uses the source files associated with Extended Data Figure 5 of Minakova
et al. [2026a]. The input arrays contain time, Ex, and Ey for right-handed elliptical (RHE), linear,
and left-handed elliptical (LHE) excitation. The output arrays contain complex Fourier spectra for
the two probe orientations under each input state. The deposited ellipticity tables were used as an
independent sign-convention check.

The input traces contain 1397 numeric samples at uniform spacing. Each output spectrum contains
1597 complex samples. Exact file names and bridge values are listed in Appendix B. The source
data are publicly archived under DOI 10.5281/zenodo.19087102 [Minakova et al., 2026b].

2.3 Independent observations and correlated robustness samples

There are three independent prepared polarization states. Frequency bins derived from a given
state are correlated samples of the same measurement, not independent experiments. Accordingly,
the central three-state comparison and leave-one-state-out prediction are treated as the primary
evidence. Frequency-bin and integration-window analyses are used only to test sensitivity to analysis
choices.

3 Geometrical Transfer Derivation

3.1 Circular components and helicity

Let q+ and q− be the two circular components of a degenerate lattice mode, defined using the sign
convention of the deposited Stokes parameter. Their circular intensities are

P+ = |q+|2, P− = |q−|2. (3)

The total normalized spectral intensity and normalized helicity are

S0 = P+ + P−, H = P+ − P−
P+ + P−

. (4)

Therefore,
P+ = S0

2 (1 + H), P− = S0
2 (1 − H). (5)

Helicity H describes the normalized rotation state. It is not the magnitude of physical angm, and it
is distinct from the dimensionless crystal pseudoangular-momentum index introduced below.

https://doi.org/10.5281/zenodo.19087102
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3.2 Quadratic opposite-helicity operator

For the D3d crystal interaction examined by Minakova et al. [2026a], the two Cartesian driving-force
components have the form

Fα ∝ Q2
x − Q2

y, Fβ ∝ −2QxQy. (6)
In the circular basis, this becomes a cross-helicity square law. Absorbing basis normalization and
the material coupling into κ gives

qout,+ = κq2
in,−, qout,− = κq2

in,+. (7)

Figure 1 summarizes the transfer. The square fixes the interaction order p = 2; the exchanged
circular labels enforce opposite helicity.

Figure 1: Quadratic opposite-helicity operator. The crystal interaction exchanges the circular
channels and squares their complex amplitudes. The helicity law and intensity factor follow without
an adjustable helicity parameter.

3.3 Parameter-free helicity map

Taking magnitudes of Equation (7) gives

Pout,+ = |κ|2P 2
−, Pout,− = |κ|2P 2

+. (8)

The output helicity is consequently

Hout = Pout,+ − Pout,−
Pout,+ + Pout,−

(9)

= P 2
− − P 2

+
P 2

− + P 2
+

. (10)

Substitution of Equation (5) yields

Hout = (1 − Hin)2 − (1 + Hin)2

(1 − Hin)2 + (1 + Hin)2 = − 2Hin
1 + H2

in
, (11)
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which is Equation (1). The coupling magnitude cancels. The map is therefore parameter-free.

The linear and circular endpoint states transform exactly as

Hin = 0 ⇒ Hout = 0, Hin = +1 ⇒ Hout = −1, Hin = −1 ⇒ Hout = +1. (12)

For every intermediate input ellipticity,

0 < |Hin| < 1, (13)

the magnitude of the output helicity exceeds that of the input:

|Hout| − |Hin| = 2|Hin|
1 + H2

in
− |Hin| (14)

= |Hin|(1 − H2
in)

1 + H2
in

> 0. (15)

The interaction therefore does more than reverse handedness. It drives every nonzero intermediate
elliptical state toward the opposite circular endpoint. Equality occurs only for the linear state,
|Hin| = 0, and the purely circular states, |Hin| = 1.

3.4 Output-intensity invariant

The total output intensity is

S0,out = |κ|2(P 2
− + P 2

+) (16)

= |κ|2

2 S2
0,in(1 + H2

in). (17)

Defining C = |κ|2 gives Equation (2). An equivalent statewise invariant is

C = 2S0,out
S2

0,in(1 + H2
in) . (18)

The deposited spectra are normalized and expressed in arbitrary units. Therefore C is an experiment-
specific scale coefficient, not a universal QMU constant. The discovery claim concerns the helicity
factor 1 + H2

in and the statewise closure of Equation (18).

For equal total input spectral intensity, the same input and output mode pair, a common transfer
coefficient C, and otherwise unchanged sample and apparatus conditions, Equation (2) predicts

Scirc
0,out = CS2

0,in, (19)

Slin
0,out = C

2 S2
0,in. (20)

Consequently,
Scirc

0,out
Slin

0,out
= 2. (21)

The coefficient C cancels from this ratio. The factor of two is therefore a calibration-independent
test of the polarization factor 1 + H2

in, provided that S0,in is held fixed and the crystal coupling
conditions remain unchanged.
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3.5 Linear helicity coordinate

The nonlinear map is linearized by
χ = artanh H. (22)

Using the double-angle identity for tanh,

χout = −2χin. (23)

The variable χ is an unbounded coordinate on the bounded helicity interval −1 < H < 1. In this
coordinate, the transfer is a sign inversion and exact multiplication by the interaction order.

3.6 General order p

For an opposite-helicity interaction of integer order p,

qout,+ = κpqp
in,−, qout,− = κpqp

in,+, (24)

so that

H
(p)
out = (1 − Hin)p − (1 + Hin)p

(1 − Hin)p + (1 + Hin)p
= − tanh[p artanh(Hin)] . (25)

The corresponding total intensity is

S
(p)
0,out = |κp|2

(
S0,in

2

)p

[(1 − Hin)p + (1 + Hin)p] . (26)

Figure 2 shows the resulting family. Equation (25) is a direct experimental prediction for higher-order
interactions.

Figure 2: General opposite-helicity multiplication law. Increasing order drives intermediate input
states toward the opposite circular endpoint while preserving the linear and circular fixed endpoints.
The present experiment tests p = 2.
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4 Analysis Protocol

4.1 Fourier reconstruction and Stokes quantities

For each input state, the deposited Ex(t) and Ey(t) traces were Fourier transformed with the same
discrete convention. The input quantities were calculated as

S0,in = |Ex|2 + |Ey|2, S3,in = −2 Im(ExE∗
y), (27)

Hin = S3,in
S0,in

. (28)

The sign agrees with the deposited input ellipticity table.

The output probe-0 spectrum was assigned to Qβ and the probe-45 spectrum to Qα, following the
source experiment. The output quantities were

S0,out = |Qα|2 + |Qβ|2, S3,out = 2 Im(QαQ∗
β), (29)

Hout = S3,out
S0,out

. (30)

This sign agrees with the deposited output ellipticity table. No sign was chosen to improve agreement
with Equation (1).

4.2 Primary central-mode test

The primary test used the positive input bin nearest the reported Eu mode and the positive output
bin nearest the reported Eg mode. Exact bridge values are given in Appendix A. The quadratic
prediction was evaluated directly from the measured Hin. It was compared with the simpler model

Hout = −Hin, (31)

which represents sign reversal without nonlinear helicity multiplication.

The helicity models contain no fitted coefficient. Their summed squared errors across the three
prepared states were compared directly.

4.3 Amplitude test and held-out prediction

For the amplitude test, define
X = 1

2S2
0,in(1 + H2

in). (32)

A single least-squares coefficient was fitted through the origin:

S0,out = CX. (33)

The comparison model omitted the helicity factor:

S0,out = C′S2
0,in. (34)

For leave-one-state-out validation, C was fitted on two states and used to predict the third. This
was repeated for all three held-out states. The same procedure was applied to Equation (34).
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4.4 Frequency-mapped robustness

Positive input bins over a broad interval containing the Eu mode were mapped to output bins at twice
their freq. A weight proportional to the geometric mean of normalized input and output spectral
intensities suppressed bins with negligible signal. Weighted root-mean-square error was calculated
for Equations (1) and (31). Because these bins originate from the same three measurements, this is
a robustness test, not an increase in the number of independent observations.

4.5 Matched-window robustness grid

A second robustness test integrated S0 and S3 over 81 matched window choices. The input-window
center and half-width were varied systematically; each output window had twice the center and
twice the half-width. For every window, the analysis recomputed helicity, model errors, C, statewise
coefficient variation, amplitude R2, and leave-one-state-out predictions. A free-order diagnostic
fitted p in Equation (25), but the primary hypothesis remained the preregistered value p = 2.

5 Results

5.1 Central-mode helicity transfer

Table 1 compares the measured output helicity with the parameter-free prediction. The largest
residuals occur for the RHE and nominally linear states; the LHE state lies within 1.5 × 10−3 of the
prediction.

Table 1: Central-mode helicity test. Values are dimensionless.
State Hin measured Hout predicted Hout residual
RHE +0.721269 −0.916238 −0.948895 +0.032657
Linear −0.039937 +0.110252 +0.079746 +0.030505
LHE −0.722667 +0.948071 +0.949474 −0.001403

The summed squared error is

SSEp=2 = 0.0019991, SSE−H = 0.0937639. (35)

Therefore,
SSE−H

SSEp=2
= 46.904. (36)

The data strongly distinguish nonlinear helicity multiplication from simple sign reversal.

5.2 Amplitude invariant

The three statewise values of Equation (18) are

CRHE = 1.94514 × 10−8, (37)
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CLinear = 2.05869 × 10−8, (38)

CLHE = 1.90887 × 10−8, (39)

in the normalization of the deposited spectra. Their coefficient of variation is 3.97%.

A single fitted coefficient gives
R2

helicity aware = 0.97033. (40)

The helicity-independent quadratic intensity model gives

R2
helicity independent = 0.05459. (41)

Thus the output intensity is not explained by total input intensity squared alone. The factor 1 + H2
in

carries nearly all of the polarization-dependent separation among the three states.

5.3 Held-out prediction

Table 2 reports leave-one-state-out prediction errors. The geometrical model predicts each held-out
state within 6.5%, while the helicity-independent model fails most strongly for the linear state.

Table 2: Leave-one-state-out output-intensity prediction. A negative value denotes overprediction; a
positive value denotes underprediction.

Held-out state helicity-aware error helicity-independent error
RHE −0.41% +15.79%
Linear +6.41% −42.15%
LHE −3.69% +13.57%

Figure 3 shows the central helicity map, the amplitude invariant, and the held-out comparison.

Figure 3: Experimental validation. Left: measured helicities lie close to the parameter-free quadratic
curve and are clearly separated from simple sign reversal for the elliptical states. Center: one
common coefficient predicts the normalized output intensity. Right: leave-one-state-out errors are
substantially smaller when the geometrical helicity factor is retained.
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5.4 Spectral robustness

The frequency-mapped analysis contained 42 correlated bin pairs, of which 19 exceeded the strong-
signal threshold. For all mapped bins,

RMSEp=2 = 0.04675, RMSE−H = 0.17992. (42)

For the strong-signal subset,

RMSEp=2 = 0.02891, RMSE−H = 0.17149. (43)

A free fit of the transfer order over the weighted band gives

pfit = 1.901. (44)

These results show that the central-bin result is not an isolated numerical coincidence.

5.5 Matched-window robustness

Table 3 summarizes the 81-window sensitivity analysis. Every tested window favored the quadratic
helicity law and the helicity-aware intensity model.

Table 3: Matched-window robustness across 81 analysis windows.
Metric minimum 5th percentile median 95th percentile maximum
SSE improvement factor 24.25 27.62 58.09 139.69 147.20
Helicity-aware R2 0.901 0.908 0.930 0.949 0.963
Helicity-independent R2 0.060 0.062 0.126 0.146 0.147
Coefficient variation 4.04% 4.41% 5.68% 6.86% 7.13%
Free fitted order p 1.799 1.830 1.923 2.044 2.089

The held-out prediction remained stable across the grid. Median errors were −0.19% for RHE,
+9.04% for linear, and −5.55% for LHE. The linear state is consistently the most difficult condition,
which is expected because its output helicity and its polarization-dependent intensity correction are
both small differences between nearly balanced circular components.
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Figure 4: Matched-window robustness. Each point in the distributions represents a different
analysis-window choice, not an independent experiment. The quadratic law is preferred throughout
the grid, the fitted order clusters around p = 2, and held-out errors retain the same state ordering.
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6 QMU Geometrical Closure

6.1 Four quantities governed by one transfer index

The experimental interaction is characterized by transfer order p = 2 and crystal symmetry modulus
N = 3. The derived operator closes four distinct quantities:

1. Freq multiplication:
freqout = p freqin. (45)

2. Circular-component phase winding:

ϕout,± = p ϕin,∓ + arg κp. (46)

3. Continuous helicity coordinate:

χout = −p χin. (47)

4. Crystal-angm index:
ℓout ≡ p ℓin (mod N). (48)

The original experiment established Equation (48) for p = 2 and N = 3: two input phonons with
index +1 produce the equivalent output index +2 ≡ −1 (mod 3), observed as opposite helicity
[Minakova et al., 2026a]. The present derivation adds Equations (47) and (2) as continuous and
amplitude-level consequences of the same operator.

The dimensionless index ℓ and the normalized helicity H are not physical angmmagnitudes. The
QMU physical dimension enters through the enrg closure. For one output quantum generated from
p input quanta and a common mode-angm quantum,

p (angm · freqin) = angm · freqout. (49)

Using Equation (45), Equation (49) closes identically. This is the QMU form of the measured
two-to-one mode-enrg conversion.

6.2 Transfer operator

The geometry can be summarized as

Tp,N : (freq, ϕ±, χ, ℓ) 7−→ (pfreq, pϕ∓ + arg κp, −pχ, pℓ mod N) . (50)

The material coefficient determines the scale and phase offset; the integer p and symmetry modulus
N determine the geometrical structure. For the present crystal-mode conversion,

(p, N) = (2, 3). (51)
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6.3 Why the amplitude result matters

Helicity reversal alone follows from swapping the two circular channels and can be observed most
clearly at the circular endpoints. Equation (2) is a stronger test because it uses the relative occupation
of both circular components. At equal S0,in, the nonlinear operator predicts a continuously varying
output intensity through 1 + H2

in. The near-constant statewise coefficient and successful held-out
predictions show that the data preserve this second consequence of the same geometry.

The combined evidence therefore tests one operator in two independent projections:

difference of circular powers → H, (52)

sum of circular powers → S0. (53)

A model that reproduces only the sign of H does not automatically reproduce S0. The deposited
data reproduce both.

7 Falsifiable Predictions

7.1 Dense ellipticity and phase-winding scan

A decisive experiment would prepare a dense sequence of input states spanning

−1 ≤ Hin ≤ +1 (54)

while holding the total input spectral intensity S0,in fixed at the Eu mode. Both orthogonal input-
mode coordinates and both orthogonal Eg coordinates should be recorded directly for every prepared
state. This would remove the present reliance on the measured terahertz field as a proxy for the
driven input-mode trajectory.

The analysis should be preregistered to test three simultaneous predictions:

Hout = − 2Hin
1 + H2

in
, (55)

S0,out
S2

0,in
= C

2 (1 + H2
in), (56)

∆ϕout,± = 2∆ϕin,∓. (57)

Equation (55) permits no fitted helicity parameter. Equation (56) permits one common coefficient C
for the complete scan. Equation (57) tests the complex phase winding independently of the helicity
and intensity relations.

A predetermined subset of the prepared states should be withheld until the global calibration,
coordinate mixing, and common coefficient have been fixed from the remaining states. The withheld
measurements would then provide a true out-of-sample test of the complete transfer operator.
Failure of any one of the three relations under common experimental conditions would falsify the
proposed geometrical closure.
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7.2 Circular-to-linear factor of two

At equal S0,in, the ratio in Equation (21) is exact for a pure quadratic opposite-helicity operator.
Measuring this ratio directly would test the amplitude law without relying on an absolute calibration
of C.

7.3 Azimuthal phase winding

A controlled change in the complex phase of one input circular component should produce twice
that phase change in the opposite output component:

∆ϕout,± = 2∆ϕin,∓. (58)

This is distinct from helicity reversal and provides an interferometric test of the complex-square
operator.

7.4 Higher-order interactions

For a verified order-p cross-helicity process, the output should satisfy Equation (25). In the χ
coordinate, the slope must be exactly −p. The intensity must satisfy Equation (26). A simultaneous
fit of helicity, intensity, freq multiplication, and phase winding should return the same integer p.

7.5 Crystal-symmetry selection

In a crystal with rotational symmetry CN , the allowed output crystal-angm index should satisfy
Equation (48). A change of N alters the equivalence class of the output without changing the
continuous helicity law generated by the same circular-component operator. This separates local
mode geometry from lattice-wide discrete symmetry.

8 Limitations

The present evidence has five defined limits.

First, the dataset contains three independently prepared polarization states. The 42 mapped bins
and 81 integration windows are robustness evaluations of those states, not additional experiments.

Second, the input quantity is reconstructed from the measured terahertz field. The identification of
its helicity with the driven Eu mode relies on the experimentally supported linear coupling of the
degenerate mode at the input freq. A future experiment measuring both input-mode coordinates
directly would remove this link.

Third, the output spectra are Fourier-filtered and normalized. The absolute value of C therefore
cannot be interpreted as a universal coupling constant. Only its statewise consistency and the fixed
helicity factor are evaluated.

Fourth, repeated-run covariance and full systematic uncertainties were not included in the public
figure-data archive. The present comparisons are deterministic tests of deposited arrays. A definitive
uncertainty budget requires repeated raw traces or statewise covariance matrices.
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Fifth, the generalized order-p law has been tested only for p = 2. Validation in a second material or
a higher-order multiphonon process is required before assigning universality beyond the derived
operator class.

9 Discussion

The original Bi2Se3 experiment demonstrated controlled angm transfer, opposite output helicity, and
crystal pseudoangular-momentum conservation. The present analysis identifies a further quantitative
structure hidden within the same circular-basis force law.

The parameter-free map, Equation (1), predicts more than a sign. For an input state of interme-
diate ellipticity, it predicts the exact nonlinear increase of circularity. The amplitude invariant,
Equation (18), predicts how the total output intensity changes with input helicity. Both predictions
are supported by the deposited RHE, linear, and LHE states, and both remain stable under broad
changes in spectral analysis windows.

The transformation χ = artanh H exposes the simplest geometry. In H, the map is rational and
bounded. In χ, the map is multiplication by the integer interaction order with a sign inversion. This
converts the Stokes helicity interval into an additive coordinate on which nonlinear order becomes
linear scaling.

The result also clarifies the relation among quantities that are often discussed separately. Freq
multiplication concerns the temporal cycle count. Phase winding concerns the complex trajectory.
Helicity concerns the normalized imbalance between circular components. Crystal pseudoangular
momentum concerns equivalence under discrete rotation. Physical angmand enrg retain their QMU
dimensions. The transfer index p links these distinct quantities without conflating them.

The most conservative statement supported by the present evidence is therefore:

For the measured quadratic opposite-helicity Eu → Eg conversion in Bi2Se3, a single
geometrical transfer index predicts the output helicity, polarization-dependent normalized
intensity, freq multiplication, circular-component phase winding, and C3 crystal-angm
equivalence.

This statement is directly falsifiable by denser polarization scans, independent input-mode trajectory
measurements, and second-material tests.

10 Conclusion

A circular-component square law implies a complete helicity and intensity transformation. Applied
to the open Bi2Se3 phonon-transfer data, it yields

Hout = − 2Hin
1 + H2

in
, S0,out = C

2 S2
0,in(1 + H2

in). (59)

The helicity relation has no fitted parameter. It outperforms simple sign reversal by a factor of
46.90 in central-mode squared error. The amplitude relation gives R2 = 0.9703, compared with
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0.0546 when the helicity factor is omitted, and it predicts held-out polarization states within 6.5%.
The result persists across all 81 matched analysis windows.

The novelty established here is therefore not the existence of the quadratic crystal coupling. It
is the experimentally validated reduction of that coupling to a continuous helicity map and a
common output-intensity invariant. These are not independent empirical fits: both follow from the
same circular-component transfer operator, and both are tested against the same three prepared
polarization states.

In the coordinate χ = artanh H, the law becomes χout = −2χin. The integer 2 simultaneously
identifies the nonlinear order, freq multiplication, phase winding, helicity-coordinate multiplication,
and crystal-angm transfer modulo 3. This is the QMU geometrical closure extracted from the
experiment.

The generalized law
H

(p)
out = − tanh[p artanh(Hin)] (60)

now provides a quantitative target for higher-order nonlinear phonon experiments and for cross-
material tests of geometrical angm transfer.

Data and Code Availability

The experimental data reanalyzed in this work were deposited by Minakova et al. [2026b] at
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amplitude, held-out, and matched-window analyses accompany this manuscript in the reproducibility
package. The scripts use base MATLAB operations and were executed under MATLAB R2026a.
Generated result tables and figures are included with the manuscript source.
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A Standard-Notation and SI Bridge

The main derivation uses QMU quantities and dimensionless ratios. This appendix records the
standard experimental labels and numerical bridge values used to select the analysis bins.
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The input bin nearest the reported Eu mode was

fin = 2.00429491768075 THz. (61)

The output bin nearest the reported Eg mode was

fout = 4.00751409 THz. (62)

Their ratio is
fout
fin

= 1.99946328. (63)

In standard notation, the mode-enrg closure is commonly written

2ℏΩin = ℏΩout, (64)

with Ω = 2πf . The QMU form used in the main text is Equation (49).

The terms RHE and LHE denote the right-handed and left-handed elliptical states used in the
deposited Extended Data Figure 5 files. The source article also uses RCP and LCP for the nearly
circular states prepared in its principal figure set.

B Reproducibility Map

The core input files are:

• extended_fig5a_THz_E-field_trajectory_RHE.txt;
• extended_fig5a_THz_E-field_trajectory_Lin.txt;
• extended_fig5a_THz_E-field_trajectory_LHE.txt.

The output complex spectra are the probe-0 and probe-45 files identified by the figure labels 5g for
RHE, 5d for linear, and 5j for LHE. Sign conventions were checked against:

• extended_fig5b_THz_ellipticity.txt;
• extended_fig5m_Eg_phonon_ellipticity.txt.

The principal scripts are:

• run_helicity_transfer_analysis.m;
• run_helicity_transfer_robustness.m.

The analysis sequence is:

1. read the three input time traces;
2. calculate complex Fourier components;
3. read the deposited complex output spectra;
4. calculate S0, S3, and H using fixed sign conventions;
5. evaluate Equation (1) without fitting;
6. fit one common C for Equation (2);
7. execute leave-one-state-out prediction;
8. repeat over mapped bins and 81 matched integration windows.
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C General Algebraic Identities

For |H| < 1, set H = tanh χ. Then

(1 − H)p − (1 + H)p

(1 − H)p + (1 + H)p
= − tanh(pχ). (65)

One proof follows from
1 ± tanh χ = e±χ

cosh χ
, (66)

so that

(1 − H)p − (1 + H)p = e−pχ − epχ

coshp χ
, (67)

(1 − H)p + (1 + H)p = e−pχ + epχ

coshp χ
. (68)

Their ratio is − tanh(pχ).

For p = 2, the output-intensity factor follows from

(1 − H)2 + (1 + H)2 = 2(1 + H2). (69)

The difference gives
(1 − H)2 − (1 + H)2 = −4H, (70)

which produces Equation (1).
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