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2 APM TORUS CELL MODEL FOR TORSION: TWO-CYCLE PHASE AND LEDGER
CLOSURE 1

Abstract

Two complementary derivations are presented showing how the golden ratio φ and the golden
angle 2π/φ2 emerge naturally from toroidal torsion geometry when the vacuum is defined by
(i) robustness against mode-locking between torus cycles and (ii) minimal nontrivial holonomy
consistent with torus topology. The first route models the torsion vacuum as a quasi-periodic
two-cycle phase state on T 2, where the winding ratio Ω is selected by maximal Diophantine
incommensurability. **Numerical simulations of the circle map are presented which confirm the
resulting "Devil’s Staircase" topology, demonstrating that the golden ratio resides in the unique
vacuum region maximally resistant to resonant collapse.** The second route models the torsion
vacuum as a mapping-torus holonomy H ∈ SL(2,Z), where minimal hyperbolicity (smallest
trace exceeding 2) forces the dominant eigenvalue Φ = φ2. Both pictures are connected to APM
ledger closure via Au · curl = Fq

2λC
2. A φ-locked torsion order parameter T is defined, providing

a standard topology constant for APM electron binding-energy ledgers.

Keywords: APM; QMU; torsion; holonomy; torus topology; golden ratio; golden angle; winding
number; monodromy; SL(2,Z); KAM; Greene criterion.

1 Motivation: why φ should appear in a torsion vacuum

A recent niche line of work informally referred to as “Toroidal Torsion Field Theory” reports that a
toroidal torsion flow self-consistently selects a dimensionless fixed point numerically equal to the
golden ratio φ. The core puzzle is not the algebraic appearance of φ, but the physical meaning:
why should a vacuum expectation value of a torsion field select φ rather than some other irrational?

Within APM, torsion is not an abstract add-on; it is geometrically partnered with rotation through
the ledger identity

Au · curl = Fq
2λC

2. (1)

This identity suggests a direct route to a φ-locked torsion vacuum: if torsion is a two-cycle
topological phase phenomenon on a toroidal Aether cell, then the vacuum may be selected by
robust quasi-periodic two-cycle closure, and φ is the canonical extremal irrational for that selection
principle.

Two mechanisms are formalized:

1. Winding-number selection: Ω is chosen to be maximally incommensurate, suppress-
ing mode-locking between poloidal and toroidal cycles (KAM/Greene route) [Greene, 1979,
MacKay, 1992, 2009, Hurwitz, 1891].

2. Minimal hyperbolic holonomy: the vacuum holonomy H ∈ SL(2,Z) is the closest-to-
identity nontrivial hyperbolic mapping; the minimal trace condition forces eigenvalues φ±2

[Farb and Margalit, 2011, Katok and Hasselblatt, 1995].

The two routes are unified into an APM torsion order parameter and concrete tests are proposed.

2 APM torus cell model for torsion: two-cycle phase and ledger
closure
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2.1 Two-cycle phase field

An Aether “cell” is modeled topologically as a torus T 2 with angles (θp, θt) ∈ [0, 2π)2, representing
poloidal and toroidal cycles. A torsion-phase field is denoted Θ(θp, θt). The simplest quasi-periodic
vacuum ansatz is

Θ(θp, θt) = npθp + ntθt + Θ0, Ω ≡ nt

np
, (2)

where Ω is the winding ratio (rotation number).

2.2 Ledger normalization in QMU form

APM supplies a natural scale separation through Eq. (1). Torsion selection is kept purely dimen-
sionless and experimental controls are written as QMU ratios:

ω⋆ ≡ ω

Fq
, R⋆ ≡ R

λC
, v⋆ ≡ ωR

FqλC
= ω⋆R⋆.

The torsion-selection results below are independent of SI; they operate at the topology/holonomy
layer and then feed into APM ledger coefficients.

3 Derivation I: φ as the extremal winding ratio of a torsion vacuum

3.1 A minimal locking functional

A generic two-cycle phase vacuum in a toroidal medium admits a mode-locking perturbation of the
form

E(Ω) = E0(Ω) + ϵ
∑

(kp,kt)∈Z2\{(0,0)}
Vkp,kt cos

(
kpθp − ktθt

)
, (3)

where ϵ controls perturbation strength. Locking is strongest when Ω ≈ kt/kp is well-approximated
by rationals. Thus, the vacuum that minimizes locking-driven energy exchange prefers Ω that is
poorly approximated by rationals.

This is a standard mechanism by which golden-mean rotation numbers become dynamically robust
in twist-map / circle-map contexts and in the breakup hierarchy of invariant tori [Greene, 1979,
MacKay, 1992, 2009].

3.2 Hurwitz optimality and the golden mean

Hurwitz’s theorem states that for every irrational ξ there exist infinitely many rationals m/n with∣∣∣∣ξ − m

n

∣∣∣∣ <
1√
5 n2 , (4)

and the constant
√

5 is optimal; the golden ratio φ is the extremal case for which the inequality
cannot be uniformly improved [Hurwitz, 1891]. Interpreting ξ as Ω, this makes φ the canonical
“most incommensurate” choice, hence the least susceptible to resonant locking.
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3.3 Result I (winding selection)

Proposition (Golden winding vacuum). If the torsion vacuum is defined by minimizing resonant
locking between torus cycles under small perturbations, then the preferred winding ratio is

Ωvac = φ (or its conjugate 1/φ, depending on orientation). (5)

Moreover, the rational approximants that appear as the system is tuned across perturbation thresholds
follow Fibonacci ratios Fn−1/Fn. This Fibonacci hierarchy is the operational signature used in
KAM/Greene-renormalization analyses [Greene, 1979, MacKay, 1992, 2009].

4 Derivation II: φ from minimal hyperbolic holonomy on the torus

4.1 Holonomy as a mapping-torus monodromy

The torsion vacuum transport around a fundamental cycle is represented by a holonomy (monodromy)
map H acting on the cycle basis of T 2. For torus topology, this is naturally encoded by an integer
unimodular matrix

H ∈ SL(2,Z), H =
(

a b
c d

)
, ad − bc = 1. (6)

Such maps are hyperbolic (Anosov) precisely when |tr(H)| > 2 [Farb and Margalit, 2011, Katok
and Hasselblatt, 1995].

4.2 Minimal hyperbolicity forces φ2

The “closest-to-identity” nontrivial hyperbolic element has the smallest trace exceeding 2, i.e.

tr(H) = 3. (7)

For any H ∈ SL(2,Z), eigenvalues satisfy

λ + λ−1 = tr(H).

Thus tr(H) = 3 yields

λ = 3 +
√

5
2 = φ2, λ−1 = φ−2. (8)

A concrete representative is

Hmin =
(

2 1
1 1

)
, tr(Hmin) = 3, spec(Hmin) = {φ2, φ−2}. (9)

This explicit golden-eigenvalue appearance is standard in toral Anosov contexts [Katok and Hassel-
blatt, 1995, Farb and Margalit, 2011].
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4.3 Result II (holonomy selection)

Theorem (Minimal holonomy vacuum). If the torsion vacuum is defined as the minimal
nontrivial hyperbolic holonomy on T 2, then the dominant holonomy eigenvalue is

Φvac = φ2. (10)

The associated golden-angle phase increment follows as

θg = 2π

(
1 − 1

φ

)
= 2π

φ2 = 2π

Φvac
. (11)

5 Unification: Ω = φ and Φ = φ2 are the same statement

The two derivations are dual descriptions of the same toroidal topology:

Φvac = (Ωvac)2, Ωvac =
√

Φvac. (12)

Operationally:

• Winding selection: the ratio of torus-cycle advances locks to φ.
• Holonomy selection: the monodromy that transports the cycle basis has minimal hyperbolic

eigenvalue φ2.

Both imply that the natural phase step per “Aether turn” is the golden angle θg.

6 APM torsion order parameter and ledger insertion point

6.1 A φ-locked torsion order parameter

A dimensionless torsion order parameter T is defined as the vacuum-normalized magnitude of torsion
transport per Aether cycle:

T ≡ ⟨torsion transport per cycle⟩
baseline transport , Tvac = φ−2 or φ−1 (13)

depending on whether the normalization is taken against the dominant eigenvalue (φ2) or against
the winding ratio (φ). In either case, T is a pure number and can multiply ledger coefficients without
introducing new dimensional units.

6.2 Standard torsion vacuum constant for APM ledgers

To standardize usage across APM ledgers, the holonomy-selected torsion vacuum is promoted to a
named dimensionless constant.

Definition (Torsion vacuum constant).

Tvac ≡ Φ−1
vac =⇒ Tvac = φ−2 (14)
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using the minimal-holonomy result Φvac = φ2 from Eq. (10).

Canonical appearances. The constant Tvac enters APM torsion/holonomy constructions through
the following identities:

θg = 2π Tvac, (15)
α

Φ2
vac

Z = α T2
vac Z, (16)

where Eq. (15) is the golden-angle step (Eq. (11)) written in torsion-constant form, and Eq. (16) is
the loxodromic torsion weighting that appears in the binding-energy holonomy bracket (Eq. (19)).

Ledger entry. For convenience, Table 1 records Tvac as a standard topology constant for reuse in
APM ledger tables.

Table 1: Standard dimensionless topology constants used in the present torsion/holonomy ledger.

Symbol Value Meaning / canonical use

φ
1 +

√
5

2 Golden ratio; extremal irrational winding ratio Ωvac (Eq. (5)).
Φvac φ2 Minimal hyperbolic torus-holonomy eigenvalue (Eq. (10)).
Tvac φ−2 Torsion vacuum constant, Tvac ≡ Φ−1

vac (Eq. (14)); gives θg = 2πTvac (Eq. (15))
and weights the binding-energy torsion channel as α T2

vacZ (Eq. (16)).

6.3 Where it multiplies APM ledgers

Equation (1) is the canonical rotation–torsion closure. A φ-locked torsion vacuum naturally appears
as a partition factor that distributes a fixed closure into two topological channels:

Au · curl = Fq
2λC

2 =
(
Fq

2λC
2T
) (

T−1
)

, (17)

so any APM construction that factorizes electromagnetic propagation or binding into a “toroidal”
versus “poloidal” contribution admits T ∼ φ−2 as a topology-selected constant.

7 Electron binding energy: golden-ratio holonomy insertion

A holonomy-corrected 1s electron binding-energy expression Thomson III [2024], Thomson [2025]
provides a direct insertion point for the golden-ratio torsion vacuum through the holonomy scale Φ.
The model is

BE1s = re

a0

√
Z2+1−1

2√
Z2+1+1

2

· Au
eemax

2

2λC
· Z2 · 2Z

√
2 ·
(
H0 + α + α

Φ2
GR

Z
)

·
(

1 + 9
ge

Z−9/ge

)
. (18)

The dimensionless holonomy–torsion bracket is therefore

B(Z) ≡
(
H0 + α + α

Φ2
GR

Z
)

=
(

π

3
√

2

)
+ α + α

Φ2 Z. (19)



7 ELECTRON BINDING ENERGY: GOLDEN-RATIO HOLONOMY INSERTION 6

7.1 Channel decomposition

Equation (19) decomposes into three dimensionless contributions:

1. a projected packing term H0 = π/(3
√

2),
2. a charge-holonomy term α, and
3. a loxodromic (toroidal) torsion term proportional to Z, with coefficient α/Φ2.

The third term is the unique component that depends explicitly on the holonomy eigenvalue scale
Φ, and it therefore serves as the natural insertion point for a topology-selected torsion vacuum.

7.2 Golden-ratio holonomy identification

The minimal hyperbolic torus holonomy derivation yields a vacuum-selected dominant eigenvalue

Φvac = φ2. (20)

Identifying the binding-energy holonomy scale with this minimal-holonomy eigenvalue,

Φ ≡ Φvac = φ2, (21)

the loxodromic torsion channel becomes explicitly φ-locked:
α

Φ2 Z = α

φ4 Z = α φ−4 Z. (22)

Therefore, the holonomy–torsion bracket takes the golden-ratio form

B(Z) =
(

π

3
√

2

)
+ α + α φ−4 Z. (23)

7.3 Order-parameter representation

The torsion order parameter is defined as the inverse holonomy eigenvalue,

Tvac ≡ Φ−1
vac = φ−2. (24)

Then Eq. (22) can be written as
α

Φ2 Z = α T2
vac Z, (25)

so the binding-energy correction weights the loxodromic torsion channel by T2
vac rather than Tvac.

This square follows directly from the exponent of Φ in Eq. (18).

7.4 Golden-angle correspondence

The golden-angle increment θg = 2π/φ2 follows from Tvac = φ−2 as

θg = 2π Tvac. (26)

Thus, the topology constant defining the canonical golden-angle phase step also weights the
loxodromic torsion contribution within the holonomy–torsion bracket of the binding-energy ledger.
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8 Two experimental programs: spectral Fibonacci and holonomy
reconstruction

8.1 Program A: Fibonacci-structured spectral clustering in a toroidal resonator

Goal. Detect a golden-winding torsion vacuum by observing Fibonacci-ordered rational approxi-
mants as a control parameter is swept.

Setup. Use a toroidal (or toroidally-wrapped) resonant structure (including trumpet-coil geometries)
designed to support two coupled phase channels. Sweep a dimensionless drive parameter (one
choice):

ω⋆ = ω/Fq, R⋆ = R/λC , v⋆ = ωR/(FqλC).

Prediction. Peaks (or phase plateaus) appear near rational approximants Ω ≈ Fn−1/Fn, with
the accumulation point at Ω = φ as perturbation strength approaches the critical breakup regime
[Greene, 1979, MacKay, 1992, 2009].

Simulation Results. Figure 1 presents the numerical simulation of this mechanism using the
standard Circle Map iteration. The global view (Fig. 1a) confirms the predicted "Devil’s Staircase"
structure. Crucially, the comparison between the integer resonance at Ω = 1.0 (Fig. 1b) and the
golden-mean neighborhood at Ω ≈ 0.618 (Fig. 1c) visually demonstrates the physical distinction
between a "mode-locked" material state (plateau) and a "Diophantine" vacuum state (slope).

8.2 Program B: holonomy reconstruction from two-cycle phase transport

Goal. Reconstruct the effective monodromy matrix H by measuring phase transport around two
independent cycles and verify tr(H) ≈ 3 and Φ ≈ φ2.

Method. Define two basis excitations corresponding to the torus cycles and measure the linear
transformation after one “cycle”:

(θp, θt) 7→ (θ′
p, θ′

t) ⇒
(

θ′
p

θ′
t

)
= H

(
θp

θt

)
, H ∈ SL(2,Z) (best-fit).

Prediction. The best-fit H should be conjugate (in SL(2,Z)) to the minimal hyperbolic repre-
sentative with tr = 3, e.g. Eq. (9), implying eigenvalues φ±2 [Farb and Margalit, 2011, Katok and
Hasselblatt, 1995].

Data product. A trace histogram across conditions should cluster near 3 if the vacuum holonomy
is stable; eigenvalue inference should cluster near φ2.

9 Discussion: positioning φ inside APM as a topology constant

The two derivations elevate φ from mathematical curiosity to a topology-selected vacuum constant:

• φ is selected as the extremal winding ratio that resists commensurate locking (robust quasi-
periodic torsion vacuum) [Hurwitz, 1891, Greene, 1979, MacKay, 2009].
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(a) Global Devil’s Staircase (K = 1)

(b) Matter: 1:1 Resonance (W = 1.0) (c) Vacuum: Golden Mean (W ≈ 0.618)

Figure 1: Mode-Locking Topology of the Torsion Vacuum. (a) The global Devil’s Staircase at
critical coupling (K = 1) sweeping driver frequencies Ω ∈ [0, 2]. (b) Detail of the integer resonance
region (W = 1.0), exhibiting a wide "mode-locked" plateau characteristic of stable particle formation
(matter). (c) Detail of the Golden Mean neighborhood (W ≈ ϕ−1 ≈ 0.618). Unlike the integer reso-
nances, this region exhibits maximal resistance to mode-locking (Diophantine incommensurability).
The lack of a dominant plateau at ϕ confirms its role as a "vacuum" value—permitting torsion flow
without collapsing into a resonant material state.
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• φ2 is selected as the minimal hyperbolic holonomy eigenvalue for nontrivial torus monodromy
(closest-to-identity torsion holonomy) [Farb and Margalit, 2011, Katok and Hasselblatt, 1995].

APM supplies the insertion point: torsion and rotation are paired by ledger closure, so a φ-locked
torsion order parameter can multiply or partition APM coefficients without modifying units.

10 Outlook and immediate integration tasks

The derivations above define a self-consistent golden-ratio torsion vacuum and standardize the
corresponding topology constant for reuse in APM ledgers (Eq. (14) and Table 1). The remaining
follow-on step strengthens falsifiability:

1. Empirical discriminators. Implement Program A (Fibonacci spectral clustering) and/or
Program B (holonomy reconstruction) as experimental discriminators of the golden-winding
and minimal-holonomy mechanisms. Data products of interest include (i) a plateau hierarchy
ordered by Fibonacci convergents approaching Ω = φ and (ii) reconstructed monodromy with
tr(H) ≈ 3 and dominant eigenvalue Φ ≈ φ2.

A Fibonacci approximants and the golden angle

The continued-fraction expansion of φ is [1; 1, 1, 1, . . .], giving convergents Fn/Fn−1. The golden
angle used for robust irrational rotation is θg = 2π/φ2, matching Eq. (11).

B Minimal hyperbolic elements of SL(2,Z)

For H ∈ SL(2,Z), hyperbolicity requires |tr(H)| > 2. The minimal choice tr(H) = 3 yields
eigenvalues φ±2. A representative is Eq. (9); any conjugate P −1HminP yields the same eigenvalues
and trace.

C A simple analysis pipeline for Program A

1. Measure a two-channel response and infer an effective winding ratio Ω from phase slopes or
peak spacings.

2. Plot Ω versus a dimensionless control (ω⋆, v⋆, or a normalized amplitude).
3. Identify plateaus and fit rational approximants; test for Farey-tree ordering and Fibonacci

convergence.
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