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Abstract

We present a dimensionally explicit treatment of impedance entirely within Quantum Mea-
surement Units (QMU). All derivations avoid imaginary numbers and maintain unit homogeneity
at every step. We establish three equivalent, engineer-friendly formalisms: (i) a purely real
two-component (cosine–sine) method, (ii) a time-domain operator method using normalized
differentiation/integration, and (iii) a quadrature-operator method that encodes a 90◦ phase
shift without complex numbers. The ledger identity Fq = mflx · aefp is used as the backbone
to normalize inductive and capacitive channels so that series combinations add only like QMU
dimensions. Resonance, magnitude/angle, power, network scalability, and measurement recipes
are given in QMU without reference to SI.

Keywords: impedance, reactance, resistance, electrical network theory, circuit analysis, trans-
mission lines, two-port networks, ABCD matrices, scattering parameters, real-valued impedance,
network synthesis, ladder networks, Quantum Measurement Units (QMU), ledger formulation,
Quantum AetherDynamics

1 Introduction and Scope

This paper develops impedance analysis directly in QMU with a single base impedance unit mflx,
so that series/parallel operations never add unlike dimensions. The three real-formalisms (cos–sin,
time-operator, quadrature-operator) are proven equivalent and used to treat: (i) RLC normalization
and detuning b(ω), (ii) scalable network reduction (series/parallel, Star–Delta) and two-port cascades
via transfer matrices, (iii) distributed sections (transmission lines), (iv) mutual inductance (coupled
inductors), (v) small-signal active templates, and (vi) QMU power-wave S-parameters. Standard
network and scattering-wave ideas Collin [1992], Pozar [2012], Kurokawa [1965], Hayt and Kemmerly
[1993] are adopted but expressed entirely in QMU units and real matrices; the QMU ledger identities
follow the AetherDynamics development Thomson III [2025b].

2 QMU Ledger Recap for Circuit Channels

We summarize the capacities and closures required for impedance:

volm = λC
3, rson = Fq

2, (1)

aefp = 1
indc , potn = 1

capc , (2)

Fq = mflx · aefp. (3)

In this note, the base impedance unit is chosen to be mflx. A series RLC channel is then normalized
so that each contribution carries the dimension of mflx before addition.
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Series-channel normalization (QMU). All series impedances are expressed in units of mflx.

ZR = mflx,

ZL =
(

ω

Fq

)
mflx,

ZC = −
(

Fq

ω

)
mflx.

3 Method I: Purely Real Two-Component (Cos–Sin) Formalism

Represent any steady-state waveform by its cosine and sine components. For current and voltage,

i(t) = Ic cos(ωt) + Is sin(ωt), v(t) = Vc cos(ωt) + Vs sin(ωt).

Collect components into real vectors I = [Ic, Is]T and V = [Vc, Vs]T. Define the dimensionless
detuning function

b(ω) ≡ ω

Fq
− Fq

ω
. (4)

Then the series impedance is the real 2 × 2 matrix

V = mflx
[

1 − b(ω)
b(ω) 1

]
︸ ︷︷ ︸

Zseries(ω)

I. (5)

Magnitude and Angle (no complex arithmetic)

Define the scalar gain G(ω) and rotation angle θ(ω) (both dimensionless) by

G(ω) ≡
√

1 + b(ω)2 , θ(ω) ≡ arctan
(
b(ω)

)
. (6)

Then (5) is exactly the action

V = mflx G(ω) R
(
θ(ω)

)
I with R(θ) =

[
cos θ − sin θ

sin θ cos θ

]

where the scaling is isotropic. In other words, the series channel maps current to voltage by a
rotation through the angle θ(ω) and a scaling by mflx G(ω). No complex numbers are used; the
geometry is explicit.

Resonance: ω = Fq ⇒ b(ω) = 0 ⇒ θ = 0 and Zseries = mflx I (purely resistive).
Magnitude: ∥Z∥ = mflx G(ω) = mflx

√
1 + b2.
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Average Power in QMU

With period T = 2π/ω, the cycle average of the instantaneous power p(t) = v(t)i(t) is

⟨p⟩ = 1
T

∫ T

0
v(t) i(t) dt = 1

2
(
VcIc + VsIs

)
. (7)

Using (5) together with the polar form V = mflx G(ω) R(θ(ω)) I, the cycle average expands to

⟨p⟩ = mflx

2 G(ω) cos θ(ω)
(
I2

c + I2
s

)
.

Because G(ω) cos θ(ω) = 1 identically, the average power simplifies to the frequency-independent
result

⟨p⟩ = mflx

2 (I2
c + I2

s ).

At resonance (b = 0, θ = 0) the same expression is recovered. The units are the QMU power unit
implied by mflx and the ledger amplitudes; no SI conversion is needed.

4 Method II: Time-Domain Operator Method (No Phasors)

Define normalized time operators acting on real signals:

Dt ≡ 1
Fq

d

dt
, It ≡ D−1

t . (8)

For a series channel driven by current i(t), each contribution to the voltage is

vR(t) = mflx i(t), (9)
vL(t) = mflx Dt i(t), (10)
vC(t) = − mflx It i(t). (11)

Thus,
v(t) = mflx

(
i(t) + Dti(t) − Iti(t)

)
. (12)

This expression is exact for arbitrary real waveforms. In steady-state sinusoidal motion at angular
rate ω, Dt and It generate the same in-quadrature relations encoded by b(ω), reproducing Method I
after projecting onto cos/sin components.

5 Method III: Quadrature Operator (Phase-Shift Algebra Only)

Introduce a quadrature operator Q that acts on a steady-state component to advance it by 90◦ in time.
Its action is purely geometric (phase rotation); it is not a unit. Using the closure Fq = mflx aefp,
the series elements read

ZR = mflx, (13)

ZL =
(

ω
Fq

)
mflx Q, (14)

ZC = −
(

Fq

ω

)
mflx Q, (15)
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so the total series impedance is

Z(ω) =
[

1 + Q b(ω)
]
mflx, b(ω) = ω

Fq
− Fq

ω
. (16)

When mapped to Method I, Q corresponds to the real 2 × 2 rotation matrix J =
[ 0 −1

1 0
]
.

6 Operational Meaning and Determination of Fq

The ledger closures

aefp = 1
indc , potn = 1

capc , Fq = mflx · aefp

imply the resonance identity
indc · capc = 1

Fq
2 .

Design route. Given a targeted Fq for a device, any reciprocal pair (indc, capc) obeying
indccapc = Fq

−2 realizes that resonance. Choosing indc (geometry/material choice) fixes capc and
vice versa.

Calibration route. For an unknown device, sweep the drive rate ω and measure the two-
component rotation angle θ(ω) of the series channel (Sec. 3). The resonance condition b(ω) = 0
occurs where θ → 0; set that ω equal to Fq. This fixes Fq independently of any separate unit system.

7 Scalability: One-Port Reduction and Two-Port Cascades

Let Zser(ω) = mflx
[
1 −b
b 1

]
and Ypar(ω) = cond

[
1 +b

−b 1

]
with b(ω) = ω/Fq − Fq/ω.

7.1 One-port connections (impedance/admittance)

Series (impedances add):
ZA⊞B = ZA + ZB.

Parallel (admittances add):

YA//B = YA + YB, Z = Y −1 = adj(Y )
det Y

.

Because each Z and Y is a real 2 × 2 rotation–scaling matrix, these sums preserve a purely real
calculus.
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7.2 Star–Delta (Tee–Pi) for one-ports

Standard three-node reductions carry through by replacing scalars with 2 × 2 blocks and preserving
addition/multiplication order. For balanced cases the closed forms reduce to the same b(ω)-functions
as single sections Hayt and Kemmerly [1993].

7.3 Two-port cascades (transfer/propagator matrices)

For cascaded two-port networks, the overall transfer matrix is the product of section matrices in the
order of traversal:

Ptot(ω) = PN (ω)cdots P2(ω) P1(ω) ≡ PN ▷ · · · ▷ P1,

consistent with standard ABCD/propagator composition Collin [1992], Pozar [2012]. Section 8 gives
an explicit real 4 × 4 form for Pℓ.

8 QMU Transmission Sections (Real Two-Component Propagator)

Define a line section by its characteristic pair (mflx, cond) and a dimensionless phase-advance
function ϕ(ω) that encodes traversal. The voltage–current state vector X = [Vc, Vs, Ic, Is]T obeys

X(x + ℓ) =
[

R(ϕ) −mflx bℓ(ω) J R(ϕ)
cond bℓ(ω) J R(ϕ) R(ϕ)

]
︸ ︷︷ ︸

Pℓ(ω)

X(x),

where R(ϕ) =
[
cos ϕ − sin ϕ
sin ϕ cos ϕ

]
, J =

[
0 −1
1 0

]
, and bℓ(ω) is the section’s detuning. Cascading line

sections multiplies their Pℓ, preserving a purely real calculus Collin [1992], Pozar [2012].

9 Coupled Inductors (Mutual Inductance) in QMU

Consider two windings with ledger pairs (mflx1, Fq
(1)) and (mflx2, Fq

(2)), and a dimensionless
coupling k ∈ [0, 1]. In the two-component (cos/sin) basis, the inductive channel of the two-port
impedance matrix takes the block form

Z(L)(ω) =


(

ω
Fq

(1)

)
mflx1 J k

(
ω√

Fq
(1)Fq

(2)

)√
mflx1mflx2 J

k
(

ω√
Fq

(1)Fq
(2)

)√
mflx1mflx2 J

(
ω

Fq
(2)

)
mflx2 J

 .

Here J =
[ 0 −1

1 0
]

encodes the +90◦ phase advance, and each 2 × 2 entry multiplies the cos/sin vector
of the corresponding port current. Resistive and capacitive parts simply add to Z(L). This block
form mirrors the usual mutual-inductance coupling structure, recast into the QMU rotation calculus
Hayt and Kemmerly [1993].
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Reduction to a one-port. If the secondary is closed across a load ZLoad (in two-component
form), the input seen at port 1 is

Z
(1)
in = Z11 − Z12

(
Z22 + ZLoad

)−1
Z21,

with all quantities being real 2 × 2 matrices. Use adj(·)/ det(·) for inverses to keep the calculus
purely real.

10 Small-Signal Active Networks (Real Two-Port Templates)

Active elements enter as controlled sources that contribute to the real two-port matrices. In the
two-component basis, replace each scalar parameter by a 2 × 2 multiple of the identity (for in-phase
paths) or by J (for strict quadrature paths).

(i) Transconductance stage (voltage-controlled current source)

Let a device realize i2 = gm v1 (dimension: cond). In admittance form,[
I1
I2

]
=
[

0 0
gm I 0

]
︸ ︷︷ ︸

Y (gm)

[
V1
V2

]
,

where I is the 2 × 2 identity (pure in-phase control). A finite output conductance go adds
[ 0 0

0 goI
]
.

Series or parallel combination with passive blocks follows Sec. 7. (See e.g. standard small-signal
formalisms Sedra and Smith [2014].)

(ii) Negative differential resistance (one-port)

A small-signal active one-port with differential conductance gd has

Yact = gd I ⇐⇒ Zact = 1
gd

I.

With gd < 0 this models oscillation criteria and Q-enhancement entirely in the real calculus.

11 QMU S-Parameters (Purely Real Two-Component Form)

Fix a reference pair (mflx0, cond0) for each port and define the reference impedance matrix Z0 =
mflx0 I. For a one-port with real two-component (V , I), define the power-wave vectors

a ≡ 1
2
√

mflx0

(
V + Z0I

)
, b ≡ 1

2
√

mflx0

(
V − Z0I

)
,

with a, b ∈ R2. The reflection matrix is

Γ ≡ b a−1 =
(
Z − Z0

) (
Z + Z0

)−1
,
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where Z is the real 2 × 2 port impedance. Using adjoint-over-determinant,

Γ =
(
Z − Z0

) adj(Z + Z0)
det(Z + Z0) .

This follows the power-wave formulation of Kurokawa Kurokawa [1965] specialized to the QMU
rotation calculus.

Two-port S-matrix. Stack the port waves a = [a1; a2], b = [b1; b2] (each entry a 2-vector). For
any real two-port description (Z, Y , or P), form the corresponding S by eliminating (V , I) Collin
[1992], Pozar [2012]. The result is a real 4 × 4 block matrix[

b1
b2

]
=
[
S11 S12
S21 S22

]
︸ ︷︷ ︸

S

[
a1
a2

]
,

with each Sij ∈ R2×2. When Z0 ∝ I, the usual complex S-matrix reduces to this purely real
representation.

Match and return loss (one-port). A perfect QMU match occurs when Z = Z0 ⇒ Γ = 0. The
cycle-averaged reflected power fraction equals the squared spectral norm of Γ.

12 Worked Example: Two-Section Low-Pass Ladder (Series–Shunt)

Consider series section S followed by shunt section P . In two-component form,

ZS = mflx
[

1 −bS

bS 1

]
, YP = cond

[
1 +bP

−bP 1

]
.

The input impedance at the port is

Zin = ZS +
(
YP

)−1 = mflx
[

1 −bS

bS 1

]
+ adj(YP )

det YP
.

All quantities are real functions of bS(ω), bP (ω) and the ledger constants (mflx, cond). The magnitude
and angle follow from the rotation–scaling decomposition, as in Sec. 3.

13 Engineer’s Workflow (QMU-Only)

1. Pick the ledger unit: Work in mflx for impedance or cond = mflx−1 for admittance.
2. Determine Fq: Obtain Fq from device calibration (the frequency where the quadrature channel

cancels).
3. Choose a method: Two-component real matrix, time-domain operator, or quadrature operator.
4. Extract power and phase: Use (7) and (6). Phase is the rotation angle θ(ω); magnitude is

mflx G(ω).
5. Design by detuning: Specify tolerances in terms of Qop(ω) = |b(ω)|.
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14 Conclusions

Within QMU, impedance algebra needs no imaginary numbers and never adds unlike dimensions.
The ledger identity Fq = mflx · aefp aligns inductive and capacitive channels onto the common unit
mflx, so series or parallel combinations are legitimate sums. The three equivalent real formalisms
presented here demonstrate scalability to cascades, transmission sections, coupled inductors, small-
signal templates, and QMU power-wave S-parameters while remaining dimensionally homogeneous
Thomson III [2025b], Collin [1992], Pozar [2012], Kurokawa [1965], Hayt and Kemmerly [1993],
Sedra and Smith [2014].

Appendix A: Derivations of the Normalized Entries

Starting from aefp = indc−1 and Fq = mflx aefp,

ZL = (rate) × indc = ω indc = ω
1

aefp =
( ω

Fq

) Fq

aefp︸ ︷︷ ︸
=mflx

=
( ω

Fq

)
mflx.

Similarly, with capc = potn−1 and the resonance closure indc capc = Fq
−2 (equivalently capc =

aefp/Fq
2), the magnitude of capacitive impedance is

|ZC | = 1
(rate) × capc = 1

ω capc = potn
ω

= 1
ω

Fq
2

aefp =
(Fq

ω

) Fq

aefp︸ ︷︷ ︸
=mflx

=
(Fq

ω

)
mflx.

The sign in ZC = −|ZC | encodes the 90◦ quadrature relative to the resistive channel in opposition
to the inductive channel. Thus all series entries carry the common unit mflx.

Appendix B: Bridge for Engineers (Tasks at a Glance)

• Single RLC (series): Z = mflx
[
1 −b
b 1

]
, |Z| = mflx

√
1 + b2, θ = arctan b, with b(ω) =

ω/Fq − Fq/ω.

• Parallel RLC: Y = cond
[

1 +b
−b 1

]
, Z = Y −1 = adj(Y )/ det Y .

• Cascades: Multiply the transfer matrices Pℓ of two-port networks.
• Star–Delta: Use the usual scalar formulas with 2 × 2 blocks; sums and products are matrix

sums/products.
• Matching a load: Sweep a shunt b(ω) to make the input rotation angle θ → 0 at target ω,

then scale mflx as needed.
• Lines: Propagate state vector X with Pℓ(ω) from Sec. 8; compose by matrix multiplication.
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