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Abstract

We consolidate a single proof program for the 3D incompressible Navier—Stokes global
regularity problem based on the critical L3 dissipation identity. The obstruction to monotone
decay of ||v(t)]|3 is the pressure work term, which is reduced to a Calderén—Zygmund commutator
in the 9;0,A™1 channel. A two-point increment representation exposes a borderline scale
accumulation driven by the dr/r homogeneity. The decisive structural lever is that the pressure
Hessian kernel is purely quadrupolar: its angular factor is a traceless £ = 2 spherical harmonic
(zero mean on S?). Projecting onto ¢ = 2 forces an angular derivative gain that removes the
logarithmic defect and replaces it by a log-free square function of tangential speed-gradient
energy. The argument reduces the global problem to a single explicit scale-invariant depletion
functional ©(v) (a tangential Morrey/Carleson quantity built from |V |v]|?/|v]). We then develop
two closure paths that reuse the same quadrupole mechanism: (A) a localized speed-entropy
identity that produces v [ ¢ exactly and a packing argument showing that large © at a scale
forces a quantitative dissipation payment on that scale (up to a slow logarithm), and (B) a
coherent-tube hypothesis (vorticity-direction coherence plus a circulation lower bound) implying
smallness of © and hence a fully explicit conditional global regularity theorem.
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1 Introduction

The 3D incompressible Navier—Stokes problem asks whether smooth divergence-free initial data
generate global smooth solutions. Weak solutions exist globally [Leray, 1934], partial regularity
theory provides quantitative structure of possible singular sets [Caffarelli et al., 1982], and the
critical endpoint L$°L3 criterion of Escauriaza—Seregin—Sverak [Escauriaza et al., 2003] gives a sharp
conditional regularity mechanism. The strategy here is to force an a priori monotone bound for
lv(t)||3 by controlling the pressure work term in the L? identity with a constant strictly smaller
than viscosity.

The novelty is to exploit a rigid algebraic feature of the pressure Hessian operator 9;0,A~!: its
kernel is an exact ¢ = 2 spherical harmonic (quadrupole) and therefore has zero spherical mean.
When the pressure commutator is expressed as a two-point increment form, this £ = 2 structure
forces an angular derivative gain. The derivative gain cancels the borderline dr/r scale measure and
yields log-free square-function bounds. The entire commutator route reduces to controlling a single
scale-invariant depletion functional O(v).

The paper then develops two aligned closure directions. Direction A combines a localized speed-
entropy identity (which produces the coercive term v [ ¢ exactly) with a packing mechanism that
converts large © at a scale into a scale-wise dissipation payment (up to a slow logarithm). Route B
proves that a coherent-tube geometric regime implies © is small, yielding an explicit conditional
global-regularity theorem. Both directions reuse the same quadrupole lever.

2 Problem setting and notation

We consider the 3D incompressible Navier-Stokes equations on T3 (or R?® with sufficient decay):
0w+ (v-V)v=-=Vp+vAv, V-v=0, (1)

with smooth divergence-free initial data vy and viscosity v > 0.

The pressure is determined (up to an additive constant) by
—Ap = 9;0k(vjvk), (2)

with the usual summation convention on repeated indices. We denote by R; the Riesz transforms
and use
9;0,A7" = RyRy, (3)
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understood in the principal value sense; see, e.g., Stein [1970, 1993], Grafakos [2014].

For increments we write, for a field f,
6f(w;2) == flz +2) — f(z). (4)

We use spherical coordinates z = ro with 7 > 0 and ¢ € S?, and the tangential projector
P, :=1- oo'. (5)
We will also use the speed u := |v| and the critical speed-gradient density
Vul|?
q:= [Vul on {u >0}, (6)

interpreted as zero on {u = 0} when mollified limits are taken.

3 The critical L? identity and D;
Multiplying (1) by |v|v and integrating yields
d . 2
a/|v\3dgz:+:’w/|v| \vude+3u/(”|vv|”)dx= —3/|v\v.vpdx, (7)

see Kato [1984], Constantin and Foias [1988], Escauriaza et al. [2003]. Define

. 2
Ds(v) ::/<|UI|V7J|2—|—(U|UV|U)> dz, (8)
so that d
ol + 3Dy () = —3/\1);@ Vpda. 9)
If the pressure work term satisfies
’/ |v|v-Vpde| <cDsz(v) with ¢<uv, (10)

then |lv(t)||3 is nonincreasing and global regularity follows from the L{°L3 criterion [Escauriaza
et al., 2003, Kato, 1984].

4 Pressure work as a commutator

Using (2)-(3),
P = Rij (vjvk).

Integrating by parts,

/\U!U-Vpdm:—/pV-(\U]v)dx:—/pv'Vde, (11)



6 QUADRUPOLE STRUCTURE OF 9;9, A1 4

since V - v = 0.

Commute |v| through R;Ry:

v- Vv v- Vv
[v] [l

The first term is controlled directly by Cauchy—Schwarz and Ds(v). The obstruction is

Plv) = /Hvl,Rﬂzk] (wr0n) .’Z'!v\

/pv-VMd:C:/Rijﬂv]vjvk) dz +/ o, R Ri ] (o) = ae. (12)

dz. (13)

5 Two-point increment representation

The commutator admits a principal value kernel form
(ol RRS) (@) = pov. [ EGu(z) o (i) £l +2) d, (14)

where K, is homogeneous of degree —3 and has angular mean zero. See, e.g., Stein [1970, 1993],
Grafakos [2014], Coifman et al. [1976]. Specializing and reorganizing yields, up to terms controlled

by D3(v),
Cj(z) = p.v./Kjk(z) d|v|(x; 2) dvg(x; 2) dz. (15)

A standard reduction (Cotlar-type almost orthogonality and Calder6n—Zygmund bounds) gives
[Stein, 1970, 1993, Grafakos, 2014, Coifman et al. 1976]

P)| 5 ||lo2C], Dsw)!2. (16)

Thus, it suffices to prove
H 1242 _ 2
El CH2 < Dsv), c<w (17)

The naive bound is borderline because the kernel contributes a dr/r scale measure.

6 Quadrupole structure of 9;0,A!

In Fourier variables, the multiplier symbol is

&k
m;(§) = |J§ﬁ (18)
The physical-space principal value kernel is (up to a universal constant)
322}€ - 5‘;9 ~ z
K; =p.v. — %I = —. 19
jk‘(z) pV 47T|Z|3 z |Z| ( )

The angular factor 32;z; — d;i is traceless symmetric and lies entirely in the spherical harmonic
channel ¢ = 2; in particular it has zero spherical mean [Stein, 1970, Stein and Weiss, 1971, Stein,
1993].

Writing z = ro gives
3001 —

4 ’ (20)

1
Kji(z) = 3 Vik(o), Vik(o) =
with Vi € £ = 2.
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7 The ¢ =2 angular derivative gain

Define the increment product
M(x;r,0) :=d0|v|(x;ro) dv(x;ro). (21)
Only the ¢ = 2 projection of M contributes to (15) at each radius.
Fix z,r and differentiate on S%. For 7 € T,,52,
D ov(z;r,o) =7 (Vo)(z +ro) T, D olv|(z;r,0) =rV|v|(x +r10) - T. (22)
Thus Vg2 M gains a factor r.
Since 115 is an eigenspace of —Ag2 with eigenvalue 6,
T2 F 17252y < Co ||V g2 F 7252, (23)

for an absolute constant Co [Stein and Weiss, 1971, Stein, 1993]. This is the mechanism that cancels
the dr/r defect.

8 Log-free near-field estimate and reduction to a single depletion
functional

After dyadic shell decomposition and almost-orthogonality (Cotlar-type summation at the bilinear
level), the £ = 2 gain yields
Ilv]'/2C|5 < Ko ©(v) Ds(v), (24)

where K| is universal (kernel + spherical spectral gap + dyadic constants), and

P—V|v|(z)]?
@(U) = sup sup 1/ M
5 Sp @)

|P(v)] <1/ KoO(v) D3(v). (26)

Therefore the monotonicity condition (10) holds whenever

Combining (16) and (24) yields

2

v
—. 2
o) < 1 @0
9 Candidate depletion statements
A simple sufficient condition is the Morrey/Carleson bound
1 2
M(v) :=sup sup 7/ de, (28)
y 0<p<L P JBp) [0(z)|

since |P-— V|v|| < |V|v]| implies ©(v) < M(v). One may also formulate a direct £ = 2 increment
depletion hypothesis, compatible with dyadic averaging, that effectively makes the commutator
constant small.
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10 Direction A: packing and localized speed-entropy

10.1 Activation and packing from the (); budget

Recall ¢ = |Vu|?/u and define

Q1(B) := /Bq dzx, Q'i(’t = /q dz. (29)

Definition 10.1 (Active ball at scale rho). Fix a € (0,1). A ball B(x, p) is (p, Q)-active if

Q

(D) B(ayp) > a > (30)

Lemma 10.2 (Packing bound from the @ budget). Let {B;}}., be a disjoint family of (p, Q)-active
balls of radius p. Then

Q'

Qp?’

where C' depends only on a and the unit ball volume.

N<C

(31)

Proof. By (30), Q1(B;) > caQp® Summing over disjoint balls gives N caQp? < Q°*, hence
(31). O

10.2 Dissipation payment per active ball and scale-wise bound

Lemma 10.3 (Local dissipation lower bound on an active ball). Assume v is smooth. Let B = B(x, p)
be (p, Q)-active. Assume that on a subset of B of relative measure 2 1/log(p/rg) one has |w| Z
(tube-core cutoff ro). Then

sz3

og(p/ro) (32)

/‘VU’Qd:L‘ > ¢
B

Proof. Activation plus a Paley—Zygmund argument yields a subset where g = €2/p; the assumed
tube regime yields |w| > € on a comparable subset. Using [ |Vv|? = [ |w|? for divergence-free fields
(after localization) then gives (32). O

Proposition 10.4 (Tube packing implies a scale-wise dissipation lower bound). Let {B;}¥, be a
maximal disjoint family of (p, 2)-active balls. Under the hypotheses of Lemma 10.3 on each B;,

Qp
VolPdzr > ¢——F Qb 33
/UZ B; ’ | B lOg(p/T‘o) Ql ( )

Proof. Sum (32) over ¢ and apply Lemma 10.2:

Q2 3 tot Q2 3 QO
/ ’vv|2 > Nec P z le . 4 =c 4 §0t~
Ui B; log(p/ro) =~ Qp* log(p/ro)  log(p/ro)
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10.3 Localized speed equation and entropy identity
Write u := |v| and a :=v/u on {u > 0} (set a =0 on {u = 0}). The decomposition

Vol = |Vul? + u?|Va|? (34)
yields the pointwise speed equation

du+v-Vu—vAu=—a-Vp — vu|Val. (35)

Fix B = B(y, p) and a cutoff ¢ € C°(B(y,2p)) with

¢=1onB(y,p), [Vel<pl, 8¢ <p 2 (36)
Fix rg > 0 and define
o uy / _ v
gro() = wlog( o) g, (w) =1log(;-). (37)

Multiplying (35) by ¢?g,, (u) and integrating gives

2
@ ar 4 v [T 4= g0 (6 @

u
+ V/log(;f)) Vu-V(¢?) da
— /¢2 log(%) a-Vpdx
-~ y/¢>2 log(%) u|Val? dz. (38)

Since ¢ = |Vu|?/u, the coercive term v [ ¢>q appears exactly.

The pressure term can be integrated by parts to expose the commutator-ready core (this is the local
analogue of the global pressure-work reduction):

~ [ #1og( %) Tpdo = [pa- V(o) log() do + [p6* V- (a) log( ) do
+/pq§2a-vuud:1:. (39)

The last term is structurally the same pressure-work object as in the global L? route, but now
localized.

A natural local core choice is

ro = 6 = log(%> = log(%), (40)

so the only logarithm is the slow local Reynolds factor.
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10.4 A usable localized pressure bound for the entropy identity

The following lemma is the high-leverage interface between the global ¢ = 2 commutator machinery
and Direction A. It converts the localized pressure work appearing in (39) into a small multiple of
the coercive term v [ ¢2q plus the alignment dissipation v [ ¢2¢, u|Va|?, up to explicit cutoff and
far-field tails.

We isolate all far-field and cutoff-commutator debris into a single plug-and-play tail module. Fix
B = B(y, p), let ¢ be adapted to B as in (36), and set £ = log(u/ro) and ¢4 = 1 + |¢|. Define the
outer-scale log factor

A(p) =1+ log<i), (41)

where L is the outer reference scale (e.g. torus diameter or the maximal localization scale used in
(25)).

Define the explicit local tail budget

B T yapa = 7/ Iﬁ t dx + 7/ |W($,t)’2dl'
oo y2p) Qp JB(y,20)

local L3 enstrophy

+ y/ (e, ) ule, t) (V@) + p2|Ad(2)]?) da
B(y,2p)

(42)

cutoff comm.
1
t o[ @t ule ) Vo) da.
P JB(y,2p)

transport bdry

Here Q > 0 is a free scale parameter (e.g. chosen later by (54)); the entropy choice ro = v/ gives
¢ =log(uf)/v).

Lemma 10.5 (Tail Lemma (plug-and-play, with explicit outer log)). Let v be smooth divergence-free,
u=|v|, and ¢ = |Vu|?/u. In the localized commutator/entropy localization at scale p, let Taily . (t)
denote any sum of (i) the far-field kernel piece over p < |z| S L, and (ii) cutoff commutator terms
supported in B(y,2p) \ B(y, p) (including localized Calderon—Zygmund remainders). Then for every
0 € (0,1) there exists a universal constant Cyp < oo such that, for all t,

Taily, (1) < 00 [ 6(@)* ale,t)dz + Cy Alp) By (v pi). (43)

Proof. On p < |2| < L the homogeneous kernel Kji(2) produces a dyadic shell sum whose radial
weight is dr/r, hence an explicit factor A(p) after summation. The far-field contributions are
bounded by localized Calderén—Zygmund estimates applied to v ® v and to vorticity /strain, together
with Hélder on B(y,2p) to produce the local L3 and enstrophy budgets. Cutoff commutators arise
only from increments of ¢ and are supported in B(y,2p) \ B(y, p) with factors |V¢| or |A¢|, giving
the last two budget terms in (42). Any factor involving |Vu| is absorbed by Cauchy—Schwarz in the
form ab < fa® + Cyb* with a = /v ¢ ,/q. O

Lemma 10.6 (Localized entropy pressure bound in the ¢ = 2 channel). Let v be smooth divergence-
free on T3 (or R3 with decay), u = |v|, a = v/u on {u >0}, and ¢ = |Vu|*/u. Fizy, 0< p< L,
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and ¢ as in (36). Fiz rg > 0 and set

U(z) = log(u($)), 0y (z) =1+ |6(z)].

7o
Define the core term

a-Vu dr —

Preore(t) = — / pg? e / pé?L(+a) du, (44)

u
where p = R;Ry(vjvr) = R;Ri(uajag). Then for every 6 € (0,1) there exists Cp < 0o universal
such that

Peore®) < 89 [ g do +Cov [ 6% L2 ulVaf* dw + Taily, () (45)

where Taily () satisfies the explicit estimate

Taﬂqﬁ,ro(t) < 9”/¢(£)2 Q(xat) dr + CGA(p) B¢,T0(y7p; t)v (46)

as a direct application of Lemma 10.5 (after replacing 0 there by 6/2 and relabeling constants).

Proof. We outline the localized argument at the level needed for Direction A, emphasizing the
points where localization could in principle introduce losses.

Step 1: symmetric two-point form and near/far split. Let Fj, = u*ajay and G = ¢$*¢ (+a). Since
R ;R has an even, mean-zero Calderén-Zygmund kernel K, given by (19),

/(R]Rijk) G dz = %p.v. // Kji(2) 0Fji(x; 2) 0G(x; 2) do dz. (47)

Split K, = K™ —FKJf-E;;r with a smooth radial cutoff supported on |z| < p. The far part is integrable
and yields the last two terms in (42) after expanding Fj, and G and using |a| < 1 and | +a| < |Val.

Step 2: the £ = 2 angular derivative gain cancels the dr/r defect. Write z = ro with o € S2. In the
near region, the measure is K;(ro) dz = r=1 Yji(0) dr dQ(o) with Y, € £ = 2. Testing only in
the ¢ = 2 channel and applying the spectral-gap estimate (23) gives

| [, Yin(o) (@) 49 S 952 H 1)

for H(o) = §Fji(x;r0) 6G(x;70). Tangential differentiation of increments yields Vg20H (x;7r0) =
r P,V H(x + ro), so the gained factor r cancels the prefactor 1/r. After dyadic decomposition in
r and almost-orthogonality across dyadic blocks (as in the global estimate leading to (24)), one
obtains a log-free square-function bound in which only first derivatives of F' and G appear.

Step 3: first-order structure of F' and the q and alignment terms. From Fjj, = u2ajak and |a|] <1,
|VF| < u|Vu| +u?|Va|. For G = ¢*/ (+a), increments split into annulus and core pieces. Annulus
terms with §(¢?) are bounded by |6(¢?)| < 7/p and contribute to the first two terms of (42). In the
core, the only nonintegrable factor is V£ = Vu/u, which produces ,/q. Applying Cauchy-Schwarz
and the inequality ab < fa® + Cyb* with a = /v ¢ /g and b = /v ¢ \/; u|Va] yields the first two
terms on the right-hand side of (45).

Step 4: preventing second derivatives of a (quadrupole—divergence transfer). Naively differentiating
G could introduce V(+a). In the near-field pairing, however, the kernel lies in the pure ¢ = 2
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channel. In that channel one may transfer divergence terms to tangential first derivatives using the
spherical decomposition of +a on rays and integration by parts on S? (the same mechanism used in
the global commutator route). This converts all appearances of +a (and its incremented variants
inside the ¢ = 2 testing) into |Va| at the price of universal constants. The resulting core term is
then bounded by v [ ¢*0 u|Val?.

Collecting the near-field core estimate with the far-field and cutoff tails yields (45) and (42).
Templates for the commutator and kernel manipulations may be compared against Stein [1970,
1993], Grafakos [2014], Coifman et al. [1976]. O

11 Route B: coherent tubes imply depletion

This section records the explicit conditional closure: a geometric tube regime forces © small, hence
L? monotonicity.

Write w = V X v and { = w/|w| where defined. For a ball B = B(y, p) and threshold © > 0 set
Eq(B,t) :={x € B: |w(z,t)| > Q}.

Choose ep; € 52 minimizing
[ el ef? da,
EQ(B,t)

1
Coha(B, 1)? i— 7/ ()] |€(2, £) — epal? da. (48)
p EQ(th)

Assume the tube circulation lower bound

and define

u(z,t) > coplw(z,t)] forall z € Eq(B,t), (49)

for some ¢ € (0,1).

The strain tensor S = %(Vv + (VU)T) is a Calderén—Zygmund operator applied to w; its kernel is
traceless and inherits the same ¢ = 2 cancellation mechanism [Stein, 1970, 1993, Constantin and
Fefferman, 1993].

Lemma 11.1 (Coherence-to-Carleson estimate (schematic form)). There exists C' such that for
every ball B = B(y, p) and time t,

1/ P Vel € o (B, 1)% + C Tailo(B, 1) (50)
- z< —Co , ai ,1),
P JB U(fL’,t) e ¢ ¢
where 1 1
Tailg (B, t ::—/ ua:,t3d:c+—/ w(z,t)]? de. 51
(B.0) == [ (et det o [ o) G

Proof. Kernel decomposition in the ¢ = 2 channel plus the tube lower bound converts the u~!

weight to a |w| weight on Eq. The axis-aligned part only sees the ¢ = 2 projection of the scalar
amplitude and gains an angular derivative, which eliminates the log defect and leaves (51). The
remainder is controlled by Calderén—Zygmund boundedness and produces the same tail. O
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Theorem 11.2 (Coherent tubes imply L? monotonicity and global regularity). Let v be a smooth
solution on T3 with viscosity v > 0. Assume there exist constants co € (0,1) and e, € (0,1) such
that for every t > 0 and every ball B(y, p) with 0 < p < L one can choose 2 > 0 so that

Cohq(B,t) < e, u > coplw| on Eq(B,t), Tailg(B,t) < &2,

If e, is small enough that KoCe? < 2, then ||v(t)||3 is nonincreasing and the solution is globally
regular.

Proof. Lemma 11.1 gives O(v(t)) < €2, hence (26) yields |P(v)| < eD3(v) with ¢ < v. Insert into
(9) and apply Escauriaza et al. [2003], Kato [1984]. O

12 What remains for an unconditional Clay-level proof

Within this framework, an unconditional proof amounts to showing that ©(v(t)) cannot exceed
v? /Ky for any smooth solution. Equivalently, one must exclude the scenario in which © crosses the
threshold along a concentrating sequence of scales.

The remaining work can be stated as three precise theorem targets.

Theorem 12.1 (Localized ¢ = 2 pressure-control for speed entropy (target form)). Under the
hypotheses and notation of Lemma 10.6, for every 6 € (0,1) there exists Cy universal such that

Peore(t)] < HV/¢2qdaz+Cgu/¢2€+u|Va]2da:+C’9 AD) Boro (4, 93 ),

with A(p) and By, defined in (41)—(42).

Theorem 12.2 (Scale-invariant gate on active scales (eliminate the slow logarithm)). There exist
universal constants v > 0 and n > 0 such that the following holds. Assume that at some time t
there exists a ball B(y, p) with 0 < p < L satisfying

1/ |P.= Vu(z,to)|? %
— X _—.
P JB(y.p) u(z, to) ~ Ky

Then one can choose Q = Q(B,ty) (for example as in (54)) so that Qp > v and, moreover, over a
time interval I = [tg,to + cp®/V],

// \Vo(z, t) | dedt > 771// q(z,t9) dz.
1 JB(y,2p) B(y.p)

Theorem 12.3 (Rigidity alternative and blow-up exclusion). Let v be a suitable weak solution
on [0, T*) with first singular time T* < co. Then case limsupyp- O(v(t)) > v? /Ky is impossible.
Consequently, there exists § > 0 and € > 0 such that O(v(t)) < (v?/Ko) — 8 for a.e. t € (T* —¢,T%),
hence (9) yields ||v(t)||s € L*>(T™ —e,T*) and the endpoint criterion prevents singularity.

After Theorems 12.1-12.3 are proved, the global regularity program closes.
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A Appendix: local vorticity inequality and an explicit Omega
choice

A.1 Localized vorticity inequality

The vorticity equation is
Ow+ (v-V)w = (w-V)v + rAw. (52)

A standard localized energy inequality for w (with spatial cutoff) is recorded in many texts; see,
e.g., Constantin and Foias [1988], Temam [1977].

A.2 Explicit Omega choice that controls the tail

Define

When [,z u® > 0, choose

Then
S0 TaﬂQ(B,t) (B7 t) < U3(B? t) + U3(B7 t)2/3'
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