Axioms of QMU and Dimensional Algebra: Ledgers, Morphisms, and
Uniqueness

David W. Thomson
Quantum AetherDynamics Institute

October 19, 2025

Contents
1 Motivation and principles 2
2 Axiomatics 4
3 Dimensional algebra and normal forms 5
4 Invariant functionals and dualities 5
5 Morphisms and base uniqueness 6
6 Categorical structure and functoriality 7
7 Constructive algorithms 7
7.1 Canonical reduction (ledger Knuth-Bendix over Z) . . . . . . .. .. ... ... ... 7
7.2 Membership and equality test . . . . . . . . ..o oL 7
7.3 Invariant signature . . . . . . . ... Lo 7
8 Worked examples 8
9 Experimental protocols (QMU-only observables) 9
9.1 rmfd ledger lock (rotating magnetic flux detection) . . . . . . . ... ... ... ... 9
9.2 Resonant holonomy cell . . . . . . . . . . .. 9
9.3 Dual-charge balance . . . . . . . .. . e 9
10 Ledger-extraction protocols 9
10.1 Protocol A: Extracting A, (rmfd inference) . . . . .. ... ... ... . 0L 9
10.2 Protocol B: Extracting m, (grav-capacity inference) . . . ... ... ... ... ... 10
10.3 Error propagation on exponent vectors . . . . . . . . .. ... 10
11 Relations to known QMU constants 10
12 Conclusions 10
Appendix 10



A Confluence via abelian Knuth—Bendix 10

B Canonical invariant basis (explicit SNF example) 11

C Algorithmic pseudocode 11

D Ledger tables (quick reference) 11
Abstract

We postulate an axiomatic system for Quantum Measurement Units (QMU) with base
generators B = {me, A\c, Fy, e2, eemaxg} and ledger operations that encode conservation, duality,
and capacity caps. We develop the dimensional algebra as a free abelian group modulo ledger
relations, define morphisms between unit algebras, and prove uniqueness (up to isomorphism) of
the QMU base choices given the Aether identities Gforce = my, )\ch2 and A, curl = Fq2)\02.
We construct a confluent rewriting system (a la Knuth and Bendix, 1970, Huet, 1981) yield-
ing a canonical normal form, identify invariant functionals, and show how derived capacities
(volm, rson, e,?) arise naturally as substrate/dynamic caps. A categorical framework Led is
introduced to support functorial cross-walks between experimental subsystems. Motivation in
brief: (i) dimensional closure via a single ledger with canonical normal forms (cf. Buckingham,
1914); (ii) intrinsic caps and duality encoded directly in the algebra; (iii) QMU-only observables
(e.g. the rmfd invariant below) enabling operational, unit-system-independent tests.

1 Motivation and principles

The QMU framework encodes physical content through ledgers: algebraic identities among base gen-
erators that capture conservation, duality, capacity limits, and morphological constants characteristic
of the Aether substrate. Our starting point is the base set

2 2
B = {me;ACHque » €Cemax }7

together with ledger relations expressing Aether invariants:

ma A\c> F,2
Gforce = my Ao F?, Ay curl = F A\, el = —22 ~ 4 A 4 (L1)
volm = \o?, rson = Fq2, rmfd = A,,.
The constant BWW = 7/(3v/2) plays a canonical holonomy/packing role in constructions below,

serving as a dimensionless geometric multiplier in lattice embeddings and cap-counting arguments
(see also the holonomy analysis in Thomson, 2025a).

Why a new framework? The purpose of QMU is to replace dimensional patchwork with a single
algebra where capacities, couplings, and kinematics coexist on the same ledger. Three specific gaps
motivate this:

(i) Dimensional heterogeneity. Standard treatments splice constants with incompatible
dimensional roles; QMU enforces closure by representing all quantities as elements of a free
abelian group modulo the ledger L, with canonical normal forms (cf. the classical dimensional-
analysis perspective of Buckingham, 1914).



(ii) Capacity caps and duality. Phenomena organized by maxima/minima (mass caps, charge
caps, curl locks) require intrinsic limits. QMU encodes caps as primitive ledger relations, e.g.
A, curl = Fq2)\02 and e,2 = ma)\c3Fq2 /Ay; see also the capacity-regulator construction in
[Thomson, 2025b].

(iii) Operational metrology. QMU-only ratios such as the rmfd invariant allow falsifiable
predictions without translation to external unit systems, aligning measurement directly with
ledger invariants (e.g. Gforce protocols in Thomson, 2025c¢).

Historical note: While eddy-current methods were developed early in alternating-current engineering,
QMU elevates the eddy unit to a primary observable via eddy = (mflx)?, providing a flux-squared
capacity that integrates naturally with the ledger.!

Main prediction (preview). In any apparatus family honoring the ledger, the dimensionless
observable

eddy - curl 1
7, = ——— = F,Ac A 1.2
rmfd rson - volm Me L'q AC Ay, ( )

is constant under geometric and loading changes that preserve me, Ac, Fy. A cross-apparatus
disagreement beyond tolerance directly falsifies A, curl = Fq2)\02.

On the word “Aether”. Here, “Aether” denotes the substrate ledger determined by (1.1) and the
dual-charge functional. It is a dimensional-algebraic structure characterized by capacity identities
and invariant products (e.g. H curl = 3% in holonomy cells), not a 19th-century mechanical medium;
for our holonomy formalism, see Thomson [2025a].

Why these five generators? The set B is minimal and sufficient for the ledger in (1.1): me
anchors mass, Ac the substrate length (volm = Ac®), F, the dynamic rate (rson = F,?), and
(€2, eemax?) provide a dual distributed-charge sector with a single invariant functional.

Dual-charge functional. The pair (627 eemaXQ) is treated as a dual, constrained by a dimensionless
functional ¢ with fixed value:
@(62, eemaXQ) = 8ma, (1.3)

where « is the fine-structure constant referenced to CODATA recommendations (see, e.g., Tiesinga
et al., 2021, Mohr et al., 2025); numerics are not required in QMU.

Remark 1 (On mg vs. me). me is the electron mass unit (a base generator). my is a cap parameter
in the ledger: the maximum mass allowed in an Aether unit. They are distinct entries in BU {m,},
with m, not constrained to equal m,. Identities involving m, (e.g. Gforce = m, Ac F,%) quantify
capacity limits rather than particle rest mass. This distinction is used explicitly in §10.

'For historical context see Dawes [1947], p. 259; for the QMU eddy definition and relations, see Thomson [2025d,¢].
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Figure 1: Ledger quotient. Free abelian group on B mod the subgroup L generated by the core
ledger relations; 7 is the canonical projection and ¢ the inclusion.

Glossary of Symbols (QMU)

Symbol Meaning (QMU ledger context)

Me electron mass unit

Mg Aether mass cap

Ao quantum length (Compton wavelength)

F, quantum frequency scale

e? electrostatic charge square (distributed)

Comax > magnetic charge square (distributed)

eq? Aether magnetic charge cap (distributed)

A, Aether unit (universal space quantum and curl lock constant)
Gforce force capacity scale for fundamental interactions
volm volume; substrate capacity, volm = Ac>

rson resonance; dynamic capacity, rson = F,

mflx base magnetic flux combination

eddy eddy = (mflx)? (eddy current unit)

curl curl response in APM/QMU

3%/5 base holonomy multiplier 7/(31/2)

rmfd rmfd unit (defined by rmfd = A,)

2 Axiomatics
Axiom 1 (Generators). Dy is the free abelian group on B = {me, A\c:, Fy, €%, Cemax” }, hence Dy = Z5.

Axiom 2 (Ledger relations). Let L be the subgroup generated by (1.1) and the identifications that
declare volm,rson as shorthand symbols for A\c® and FqQ, respectively. The QMU dimensional
algebra is the quotient

D = Dy/L. (2.1)

Axiom 3 (Dual charges). There exists a dimensionless group functional ¢ : (€2, €omax?) — Q with
fired value (1.3). In manipulations where €? and eemax> miz, @ constrains admissible rewrites to
those preserving .

Remark 2 (Nomenclature: perm vs ptty). When permeability and permittivity appear as derived
dimensions in QMU analyses, we reserve perm for permeability and ptty for permittivity. Their
exponent vectors in D depend on the specific field-builder from {e?, ecmax} and the ledger constraints
used; we keep them distinct and do not conflate them in proofs.



3 Dimensional algebra and normal forms

Let monomials be written as
X =mg At F,° (€)% (€omax?)®, (a,b,c,d,e) € Z5.

The ledger relations (1.1) provide rewrite rules reducing any monomial to a representative in a fixed
ordering, e.g. me = A¢ = Fy = €2 > Comax>-

Definition 1 (Degree and termination). Define a degree D : Z° — N by
D(a,b,c,d,e) = |a| + 2|b| + 2|c| + |d| + |e], (3.1)

and orient rewrites so that application of (1.1) strictly decreases D unless only dimensionless factors
are exchanged. This ensures termination of the rewrite process.

Theorem 1 (Normal form). Every class [X] € D admits a unique normal form

[X] = mEAe® ()" (eemas) (3:2)
with integers (a,b, ¢, d,é) determined by (1.1) and (1.3).

Proof. Termination. The degree D strictly decreases under each application of the oriented rules
derived from (1.1); only exchanges of dimensionless factors (e.g. ﬁ) can preserve D. Hence no
infinite reduction exists.

Local confluence. For each pair of overlapping rules (critical pairs) induced by the three
core identities and the dual functional, explicit overlaps reduce to linear dependencies of exponent
vectors because Dy is abelian. Representative overlaps:

(A, curl = F2\?) & (Gforce—m, A F,%) : independent supports, commute;
(Ay cur1—>Fq2/\02) & (ea2 — My )\C3Fq2/Au) : two-step reductions both yield m, Fq4)\05/Au.

All overlaps join; see [Knuth and Bendix, 1970] for completion methodology and [Huet, 1981] for
confluence criteria.

Confluence. Termination plus local confluence implies confluence (Newman’s lemma). Therefore
each class has a unique irreducible representative in the fixed ordering. ]

4 Invariant functionals and dualities

Definition 2 (Ledger-invariant functionals). A homomorphism I : D — Z is ledger-invariant if
I(L) = 0. The set of such I forms the orthogonal complement L+ C Hom(Z>,7).

Proposition 1 (Canonical invariants). There exist independent integer-valued invariants I, . . ., Iy
(with k determined by the rank of L) such that for any X € D, the tuple (I1(X),...,I;(X)) is
preserved under any ledger-preserving transformation.

Proof. Since L is a subgroup of a free abelian group, the quotient Z°/L is free abelian of rank
5 — rank(L). Dualizing yields the claimed invariants as a basis of L. O

Proposition 2 (Dual-charge constraint). Let J : (€2, eomax’) — Q be the extension of ¢ to D
by ignoring other generators. Then any rewrite involving €2, emax> must preserve J. Hence the
dual-sector reductions occur on cosets of ker J.
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Figure 2: Diamond property. Local peaks created by different ledger rules rejoin to a common
normal form Z (Newman’s lemma).
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Figure 3: Dual-charge constraint. Admissible mixes (€2)"(€emax?) lie on a ¢-level set; rewrites
must preserve .

Remark 3 (On the sufficiency of ¢ and ledger completeness). The single scalar functional ¢ selects
an admissible 1-constraint manifold for (€2, ecmax?) mixes; adding further independent functionals
would lower the accessible dual-sector dimension. Empirically, any systematic violation of the
predictions in §10 would be recorded as a new ledger relation, increasing rank(L) and changing the
invariant basis accordingly.

5 Morphisms and base uniqueness

Definition 3 (Ledger morphism). A map f: (D, L) — (D', L) is a ledger morphism if it is a group
isomorphism with f(L) = L' and it preserves all declared functionals (e.g., f*¢' = ¢).

Theorem 2 (Base uniqueness up to isomorphism). Suppose B’ = {B},..., Bt} generates D' with
ledgers L' containing images of Gforce = ma)\ch2 and Aycurl = Fq2)\02, and a dual functional
¢ matching (1.3). Then there exists a unique ledger morphism f : D — D' sending B to B’
up to multiplication by dimensionless units. Consequently, QMU bases are unique up to ledger
isomorphism.

Proof. Map generators to generators respecting the two rank-1 constraints given by Gforce and
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Figure 4: Left: product via direct sums of groups/ledgers. Right: pushout as coproduct modulo
the normal closure of identified sub-ledgers.

Aycurl, and enforce preservation of ¢. This determines the map on a basis of Z°. Since relations
and functionals are preserved, the map descends to the quotients, yielding the claimed isomorphism
class. =

6 Categorical structure and functoriality

Definition 4 (Category Led). Objects are pairs (D, L); arrows are ledger morphisms. Finite
products exist by taking direct sums of the underlying groups and ledgers. Pushouts exist by
quotienting the coproduct by the normal closure of the images of the identified sub-ledgers.

Proposition 3 (Experimental functor). There is a functor £ : Led — Set that maps a ledger
to the set of QMU-consistent observables realizable in an apparatus family, with arrows sending
observables via the induced pullbacks. The image of £ is closed under finite limits, reflecting the
feasibility of composing apparatus modules while preserving ledger invariants.

7 Constructive algorithms

7.1 Canonical reduction (ledger Knuth—Bendix over Z)

A.1 Choose an order me = Ao = Fy = €2 > Cemax>-

A.2 Compile rewrite rules from (1.1) and (1.3) to eliminate Gforce, A, e,2, volm, rson.

A.3 Apply rules greedily while decreasing D.

A.4 For charge-dual steps, reduce within the coset of ker ¢.

A.5 Stop when no rule applies; the result is the normal form of Theorem 1. (See Knuth and
Bendix, 1970 and confluence guarantees in Huet, 1981.)

7.2 Membership and equality test

Given XY, compute their normal forms. Equality in I holds iff the normal forms match.

7.3 Invariant signature

Compute the tuple of canonical invariants Iy, ..., I;. This signature is a fast pre-filter: unequal
signatures imply distinct classes.



8 Worked examples

Example 1 (Holonomy cell invariant). Consider an object with base holonomy multiplier SWW and

dynamic scale rson = Fq2. A ledger-consistent holonomy capacity is

T Fq2)\02 T rson A2

C3v2 AL 3vV2 Ay

Using A, curl = FqQ)\c2, we get H = ﬁ /curl, exhibiting the invariant product H curl = N

(dimensionless, ledger-invariant). See Thomson [2025a] for extended holonomy constructions.

Ezample 2 (Magnetic flux combination and eddy). By definition, the eddy-current unit is
eddy = (mflx)?.
The ledger identity used previously,

FlAc”
(mflx)? - curl ~ me A2 F, - g 20

A1 =M FA Nt ALY,

can thus be read directly as
eddy - curl ~ me Fq3 Aot A;l,

so protocols that measure eddy - curl probe A, ! weighted by me, Ac, F,. See also the compiled
relations on the classical mechanics page [Thomson, 2025¢].

Ezample 3 (Fully worked reduction (ledger calculus)). Reduce

y = G (i) cwl e, eddy - curl

volm - rson volm - rson

Step 1: replace e,2 = m, volmrson/A, (ledger) and eddy = (mflx)?:

mgvolmrson eddy - curl eddy - curl
Yy — . =My — .
A, volm - rson A,

Step 2: use A, curl = F,2\o? = curl = (F,2\c?)/Au:

Fq2)‘C2

Y =myg - eddy - 1

Step 3: express m, = Gforce/(rson A\¢) from Gforce = moAcF,? (see Thomson, 2025¢ for Gforce

protocols):

v — Gforce _ . Fqu\c2

Ac
= Gfi -eddy - —.
rson A\c ° A2 oree eady A2
Step 4: in a protocol where Gforce is held fixed by construction, Y o eddy - Ac/A2%. If instead
one forms the dimensionless Z,;mtq = eddy - curl/(rson volm), one obtains Zyy,sqg = me Fy A Ay, I as
in (1.2).
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Figure 5: Holonomy cell. Tuning the loop geometry multiplies the holonomy capacity H; the
ledger lock H curl = 3“% predicts a constant product.

9 Experimental protocols (QMU-only observables)
9.1 rmfd ledger lock (rotating magnetic flux detection)
Objective: Measure the invariant

T = (mflx)?curl  eddycurl
mmfd = T onvolm  rson volm

Rationale: Using rson = Fq2, volm = A\¢?, and A, curl = Fq2)\02, we predict

Me Fq3 )\04 A;l

-1
Fq2 py: =meFyAc A"

Irmfd ~

Holding me, Ac, Fy fixed, a measured constancy of Zneq across coil geometries and loadings is
equivalent to the ledger A, curl = Fq2>\(;2.
Observables: Report Z,,¢q directly in QMU as eddy - curl/(rson volm).

9.2 Resonant holonomy cell

Objective: Validate H curl = 3—\7;5 Setup: A lattice cell with controllable holonomy multiplier

H coupled to a field mode whose curl response is curl. Test: Scan geometrically (varying the

holonomy path) until the measured product stabilizes at 3L\/§ Failure to stabilize violates the

assumed packing/holonomy embedding of the substrate [Thomson, 2025a].

9.3 Dual-charge balance

Objective: Test the invariance of @(62, eemaxz) under mixing. Method: Construct a comparator
measuring a dimensionless response R (u,v) proportional to (€2)"(eemax?)’ with u + v = 1. The
ledger predicts ;R = 0 under adiabatic ledger-preserving operations.

10 Ledger-extraction protocols

10.1 Protocol A: Extracting A, (rmfd inference)

From (1.2),
Ay =me Fq Ac /Irmfd-

Thus a calibrated measurement of Z,,¢g returns the rmfd class [A,] directly in QMU.



10.2 Protocol B: Extracting m, (grav-capacity inference)
Using Gforce = mgq Ao Fq2 and rson = qu,

_ Gforce
©orson\¢

Any apparatus that isolates Gforce as a QMU class and controls A¢,rson yields [m,] without
external unit translation [Thomson, 2025c].

10.3 Error propagation on exponent vectors
Let a monomial be X = m2Ac"F,(€?)%(eemax?). Taking logs,

5(In X) = ad(Inme) +bd(In Ac) + cd(In Fy) + dd(Ine?) + e 6(In eemax?)-

Hence relative errors propagate linearly in the exponent vector; this underwrites uncertainty budgets
for A, and m, extractions above.

11 Relations to known QMU constants

2y 2 2 2 _ Ma A Fy?
Ay curl = Fi° Ao, Gforce = mg Ac Fy°, eq” = Tq, rmfd = A,. (11.1)
U
Hence
€q> Mg Gforce Fq2)\02 )
_ - = m —F = CUr
volmrson A’ rson \¢ “ Ay ’

with eddy = (mflx)? providing a flux-squared observable for A, and rmfd identifying directly with
the Aether unit.

12 Conclusions

We supplied a rigorous algebra of QMU based on generators and ledgers, proved uniqueness of
bases up to ledger isomorphism, identified invariant functionals, and built a categorical setting for
composite systems. Constructive algorithms yield canonical normal forms and fast equality checks.
The experimental protocols above test the core ledgers (11.1) using QMU-only observables, enabling
direct falsification or refinement of the Aether ledger.

Appendix

A  Confluence via abelian Knuth—Bendix

Because Dy is free abelian, overlaps among rules derived from (1.1) reduce to linear dependencies
among exponent vectors. Completing the system amounts to saturating these vectors under
integer row-reduction while preserving the orientation that decreases D. The termination measure
immediately extends to any finite completion (Knuth and Bendix, 1970; confluence criteria per
Huet, 1981).

10



B Canonical invariant basis (explicit SNF example)
Let the exponent vector be & = (a,b,¢,d,e)" corresponding to me, Ac, Iy, €2, emax>. Eliminating
all non-base symbols via the ledger, two independent relations among (b, ¢) arise:

Ri: (0,2,2,0,0), Ry: (0,1,2,0,0),

coming from A, curl = Fq2/\(;2 and Gforce = my, Ao Fq2, respectively (both expressed after elimi-
nating derived quantities). Thus one presentation of L has matrix

02200
M= (0 120 O) '
Row-reducing to Smith normal form gives

UMV = diag(1,1,0,0,0),

so rank(L) = 2 and Z®/L has rank 3. A convenient invariant basis is provided by the last three
rows of U, which we may choose as the coordinate projections

Il(X):a, IQ(X):d, Ig(X) = €.

These (11, I2, I3) are preserved by any ledger-preserving transformation and form a practical signature
for rapid inequivalence checks.

C Algorithmic pseudocode

function QMU_NormalForm(a,b,c,d,e):
repeat
apply Auxcurl = Fq~2 * 1C"2 to eliminate Au or curl
apply Gforce =
replace volm -> 1C~3, rson -> Fq™2
enforce phi(e”2, e_emax~2) = 8xpixalpha in charge sector
reorder generators (me > 1C > Fq > €72 > e_emax~2)

ma * 1C * Fq~2 to eliminate ma

until no rule applies
return (a,b,c,d,e)

D Ledger tables (quick reference)

Name QMU ledger identity

A, curl = qu)\oz

Aether curl lock

Max Aether mass

Aether magnetic cap

Gforce = mq Ao Fq2

32
5 Mg A Fy
€t = ————

Ay
Substrate capacity volm = A¢®
Dynamic capacity rson = Fq2
Holonomy invariant H curl = 3%/5 (in holonomy cells) [Thomson, 2025a]

Dual-charge constraint ¢ (e?, eemax-) = 8ma [Tiesinga et al., 2021, Mohr et al., 2025]

Eddy unit eddy = (mflx)? [Dawes, 1947]
rmfd unit rmfd = A,

11
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