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Abstract

This paper records a standardized operator package intended to serve as a reusable mathe-
matical foundation for future Aether Physics Model (APM) work that touches analytic number
theory. The package has two components on the Hilbert space L?(R, dg): (i) the self-adjoint
generator of log-scale translations P = —i diq, and (ii) a bounded self-adjoint convolution operator

W whose Fourier multiplier is the Riemann xi function Z(t) = £(3 + it). The kernel for W is
built from Jacobi’s theta function via an explicit real, even, rapidly decaying function ®(q) satis-
fying Z(t) = [ fooo ®(q)e'? dg. We provide a lemma-theorem—proof chain establishing domains,
boundedness, self-adjointness, and Fourier diagonalization, and then interpret the construction
in QMU-normalized log-scale terms to support subsequent APM operator development.
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1 Purpose and scope: “Proceed with 1”

1.1 The operator-package goal

The immediate goal is not to solve the Riemann Hypothesis (RH), but to lay down a foundation
that is:

o mathematically closed (explicit spaces, operators, domains);
o reusable (a standardized module for subsequent QADI/APM papers);
o compatible with APM practice (log-scale variables and spectral decompositions).

1.2 What this package contains (Item 1)

We fix a Hilbert space and define two operators:

1. A self-adjoint log-scale translation generator P.
2. A bounded self-adjoint theta-built convolution operator W whose Fourier multiplier is Z(t).

We prove:

e P is self-adjoint on its natural Sobolev domain and diagonalized by the Fourier transform.
e & isreal, even, and integrable; hence W is bounded and self-adjoint.

o Under Fourier transform, W is multiplication by Z(¢) (equivalently, W = Z(P) via functional
calculus).
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2 Background: RH in the xi-function form

2.1 Completed zeta and xi

Let ¢(s) = >_,,>1n ° for R(s) > 1, analytically continued to C\ {1}, and define the Riemann xi
function

£(s) = %s(s _ 1)778/2r<;) C(s). (1)

Then £ is entire and satisfies the functional equation £(s) = £(1 — s) [Titchmarsh, 1986, Iwaniec
and Kowalski, 2004, Riemann, 1859].

Restrict to the critical line by defining

=) = g(i +it) (teQ). @)

Then Z(t) is an even entire function, real-valued for real ¢ [Titchmarsh, 1986].

2.2 Riemann Hypothesis in this language

The nontrivial zeros of ((s) correspond to zeros of Z(¢). The Riemann Hypothesis is equivalent to:
All zeros of Z(t) lie on the real axis.

This reformulation is standard and will be the only RH form used in this operator package
[Titchmarsh, 1986, Iwaniec and Kowalski, 2004].

3 Hilbert space and Fourier transform conventions

Definition 3.1 (The log-scale Hilbert space). Let H := L?(R, dg) with inner product

(f.g) = /o:o f(a) 9(q) dg.

Definition 3.2 (Unitary Fourier transform). Define F : H — H by

(FN) = 072 [~ f@edg, g
with inverse o
(Floa) = @02 [ gnye at. (@

Remark 3.3. With the convention in Definition 3.2, F is unitary on L?(R) and convolution becomes
pointwise multiplication with the standard /27 factor.
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4 Operator 1: the log-scale translation generator P

Definition 4.1 (Scale-translation generator). Define the operator P by

with domain Dom(P) := H!(R) (the first Sobolev space).

Theorem 4.2 (Self-adjointness and Fourier diagonalization of P). The operator P is self-adjoint
on Dom(P) = H'(R), and
FPF ' = M, (6)

where My is the multiplication operator (Myg)(t) =t g(t) with domain {g € L*(R) : tg(t) € L*(R)}.

Proof. This is standard: —i d% is essentially self-adjoint on S(R) and its self-adjoint realization has
domain H'(R). The Fourier transform converts differentiation into multiplication:

(Ff)®) = G)(F@),

hence (FPf)(t) = t(Ff)(t) for f € S(R), extending by density to the stated domains. See, e.g.,
Reed and Simon [1980]. O

Corollary 4.3 (Spectrum of P). The spectrum of P is o(P) =R and is purely continuous.

Proof. Since FPF~1 = M; and o(M;) = R, the claim follows from unitary equivalence [Reed and
Simon, 1980]. 0

5 Theta-built kernel for =(¢)

5.1 Jacobi theta, the w-kernel, and ¢

We use a Fourier representation of Z(¢) built from Jacobi’s theta function; we follow the explicit
definitions recorded in Romik [2019].

Definition 5.1 (Theta and derived kernels). For x > 0, define

[e.9] o0

fz):= > ™ = 142) e (7)
n=—00 n=1
o 1 2l / _ = 2.4 2 2 —mnlz
w(zx) = 5(230 0" (x) + 320 (ac)) = nz::l (27r n“z® — 3mn x)e : (8)
For g € R, define
D(q) = 2e92 (). 9)

Lemma 5.2 (Regularity, parity, and decay). The function ® is real-valued, smooth, even (®(—q) =
®(q)), and rapidly decaying as |q| — oo. In particular, ® € L'(R) N L*(R).
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Proof. Termwise differentiation of f(x) is justified for > 0 by absolute convergence of the defining
series and its differentiated series. The series for w(z) has exponential decay as x — oo. The theta
functional equation implies the corresponding transformation law for w (see Romik [2019]), which
yields evenness of ®. Exponential decay in both tails follows from the e~ ™ factor as q — 400
and the transformation law as ¢ — —oo. Hence ® € L'(R) N L3(R). O

5.2 Fourier representation of the xi function
Theorem 5.3 (Fourier identity for ). For allt € C,
=) = / ®(q) ™ dg. (10)

Equivalently, for real t,
=(1) = 2 [~ @(q) cos(ta) da, (1)

since ® is even.

Proof. This representation (Mellin-to-Fourier change of variables) is recorded explicitly with the
above ® in Romik [2019]. The cosine form follows from evenness of ®. O

Remark 5.4. The operator package requires a real, even kernel to obtain a bounded self-adjoint
convolution operator on L?(R). The ® defined in (9) is constructed to satisfy these properties while
producing Z(t) via (10).

6 Operator 2: the bounded self-adjoint xi-convolution operator W

Definition 6.1 (Xi-convolution operator). Define W : H — H by
WH@ = [ lg—w)fw du = @ f)(0) (12)

for f € L*(R).
Theorem 6.2 (Boundedness). W is bounded on L?(R) and satisfies

IWlresze < 1@z (13)
Proof. Since ® € L'(R) by Lemma 5.2, Young’s inequality yields || ®  f|l2 < ||®[|1]|f]|]2 for all
f € L*(R). O
Theorem 6.3 (Self-adjointness). W is self-adjoint on H, i.e. (W f,g) = (f,Wg) for all f,g € H.

Proof. Because ® is real and even, ®(q¢ — u) = ®(u — ¢). A Fubini/Tonelli argument (using ® € L'
and f,g € L?) gives

Wig) = [ [ @a—w)ss@ dudg = [ 1) [ S0 )gla) dg du = (£, Wg)
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6.1 Diagonalization: IV is multiplication by = in Fourier space

Theorem 6.4 (Fourier diagonalization of W). For f € H,
FWF = Mz, (14)

where (Mzg)(t) = Z(t) g(t).

Proof. With the unitary Fourier transform (3), the convolution theorem reads
F(@ x [)(t) = (2m) (F)(¢) (F)(0)-

By Theorem 5.3,
=(-0) = [ lg)e ™ dg = (2n) AFD)0).

Since E is even, Z(—t) = Z(t), hence
FWE) = EZ(@) (FN®),
which is precisely (14). O

Corollary 6.5 (Functional calculus statement: W = Z(P)). Let P be the self-adjoint operator from
Section 4. Then, in the spectral calculus of P,

W = E(P), (15)

meaning that under F, both sides act as multiplication by Z(t).

Proof. By Theorem 4.2, FPF~! = M,. Functional calculus gives F Z(P) F ! = Mz(4) [Reed and
Simon, 1980]. By Theorem 6.4, FWF~! = Mz, so W = Z(P). O

7 What this does and does not say about RH

7.1 What the package accomplishes

The package produces a closed operator identity:
(bounded self-adjoint operator) W  <+— (real even entire symbol) =(t).

In particular, the action of W is diagonal in the log-scale Fourier domain, with multiplier =(t).

7.2 What it does not (by itself) accomplish

This package alone does not yield a Hilbert—Podlya operator whose eigenvalues are the zeros of
Z. On L%*(R), the multiplication operator by Z(t) does not acquire nontrivial L? eigenfunctions
supported on a discrete zero set (a measure-zero set), so the naive “nullspace” mechanism is trivial.
Any RH-oriented operator strategy must therefore introduce additional structure beyond bounded
convolution on L?(R), such as:
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e boundary conditions that discretize spectrum;
« a different Hilbert space or a weighted space tied to ;

a trace/transfer operator whose Fredholm determinant is =;

o or a geometric quantization picture (in which ¢ becomes a true spectrum, not merely a Fourier
variable).

8 Why this is structurally relevant to APM/QMU

8.1 Log-scale ¢ as a natural APM coordinate

APM/QMU work frequently organizes physics by ratios and ledger-closed invariants. Ratios are
naturally logarithmic:
q = log(dimensionless scale ratio).

For example, a radius expressed in Compton units corresponds to ¢ = log(r/A¢) (dimensionless),
and scale changes become translations in ¢. In this sense, P = —id% is the canonical generator of
log-scale motion.

8.2 A spectral response function viewpoint

In the diagonal representation,
(FWH)(E) = E(t) (Ff)Q@).

Thus Z(t) can be read as a scale-spectral response function: it weights (and zeros out) specific
scale-harmonics ¢t. This is structurally aligned with how APM often treats distributed systems: a
geometry induces an integral kernel, and real-even kernels become bounded self-adjoint operators
with real multipliers.

8.3 Immediate next steps for an APM-math program

With Operator Package 1 standardized, a coherent APM-facing mathematics roadmap can proceed
as follows:

1. Discretization strategy: choose a boundary-value or geometric construction that converts
the continuous t-variable into a true spectrum.

2. Determinant strategy: attempt to represent = as a Fredholm determinant Z(¢) o det(1—K;)
of a trace-class operator K; built from .

3. Flow strategy: use the even kernel ® as initial data for a heat-type deformation (De Bruijn—
Newman style), tracking zero motion under smoothing; this is structurally close to “Aether
diffusion” analogies in QMU ledger arguments.

4. Prime/trace coupling: connect the spectral side to prime sums via an explicit formula; in
APM terms, this is where counting meets spectral ledger closure.
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9 Standardized summary of the package (copy/paste block)

Operator Package 1 (Log-scale spectral backbone). Let % = L?(R, dg) and

F be the unitary Fourier transform. Define P = —i diq with domain H!(R); then P

is self-adjoint and FPF~! = M;. Define 0(z) = ¥,,cz e () = $(22%0" (z) +
3z6'(x)), and ®(q) = 2e%/%w(e??); then @ is real, even, smooth, rapidly decaying, and
in LY(R) N L?(R). Define the bounded convolution operator W f = ® % f; then W is
bounded self-adjoint and FW F~! = Mz, ie. W =E(P).

10 APM Integration Phase: QMU-Normalized Log-Scale Spectral
Mechanics

10.1 QMU normalization of the log-scale coordinate

In APM/QMU work, physical comparisons are typically conducted via ratios (ledger-closed in-
variants), and ratios are naturally logarithmic. We interpret the log-scale variable ¢ € R as a
QMU-normalized scale coordinate:

{
q = log<)\>, equivalently q) = Acel, (16)
C

where / is any APM-relevant length scale (orbital, resonator, packing, or coherence scale) expressed
relative to the Compton length A\¢.

Using the APM identity F, Ac as the electromagnetic propagation scale (Ledger-One anchor), the
corresponding QMU-normalized transit frequency associated with ¢(q) is

Fy A\

v(q) = @ = F,e % (17)

10.2 Canonical interpretation of P and the Fourier variable ¢

On H = L?(R, dq), the operator

generates translations in ¢:

€ "f)le) = fla—a), a€R, (18)
i.e. a multiplicative re-scaling £ — e~ %/.

The Fourier modes €'’ represent scale-harmonics. In terms of the physical length £ = \ged,

) /¢ it

so t is the exponent parameter for power-law scale oscillations.
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10.3 Embedding Ledger One as a spectral normalization constraint

Recall the standardized Ledger One closure (Aether rotational self-identity):
Ay -curl = F2 N2 (20)
Define the QMU propagation constant
ko = FyAc, (21)

so Ledger One reads A, - curl = 3.

In the present operator package, P is dimensionless, and kg supplies the natural APM/QMU scale for
upgrading log-scale motion to a ledger-normalized generator. This motivates the ledger-normalized
operator

PL = Ko P, (22)

as a canonical APM scale-momentum generator for subsequent Hamiltonian and dispersion con-
structions.

10.4 APM meaning of the xi-convolution operator W

The operator
W) =(@*f)lq), FWF =My,

is naturally interpreted as a scale-spectral filter in the log-scale frequency domain. In APM language:

e ¢ parametrizes scale relative to Ag;
e t parametrizes scale-harmonic content;
o Z(t) is the multiplier selecting/attenuating scale-harmonics.

10.5 Why the package does not yet discretize zeros, and what APM adds

On L%(R), the multiplier representation does not yield discrete eigenvalue conditions at the zero
ordinates. Therefore, if the APM program seeks a Hilbert—Pélya-style operator whose spectrum
encodes zero ordinates, it must introduce discretizing structure. In APM terms, three natural
mechanisms are:

(i) Finite-scale window (physical cutoffs). A physical APM system spans a bounded ratio
window ¢ € [lmin, lmax], i-€.

q€lg-,a+),  g- =log(lmin/Ac); ¢+ = 10g(fmax/ o) (23)
Boundary conditions on [¢_, ¢+] convert scale operators into operators with discrete spectra.
(ii) Aether-unit packing boundary conditions. APM geometric closures (unit packing,

holonomy closure, torsion quantization) can be implemented as boundary conditions or periodic
identifications in ¢, producing discrete scale-harmonics.
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(iii) Trace/Fredholm determinant constructions. One may seek a trace-class operator family
K¢ (built from APM kernels) for which det(1 — K;) reproduces =(¢) up to a nonvanishing factor;
zeros then arise as a discrete spectral condition.

10.6 Operator Package 2 (planned): an APM discretized scale Hamiltonian

The next operator module will be an APM-discretized, self-adjoint scale Hamiltonian on a bounded
log-scale interval. A baseline choice is a Sturm—Liouville operator

d2

e + Varm(9q), q€lq-,q4], (24)

Hapy =

with boundary conditions fixed by Aether-unit packing/closure and a ledger-normalized potential
Vapum derived from APM constitutive structure.

10.7 Summary: what has been integrated, and what is next

Operator Package 1 has been embedded in APM/QMU terms by:

o interpreting ¢ = log(¢/A¢) as the canonical QMU log-scale coordinate;
o interpreting t as the scale-harmonic exponent in (£/\¢)";

« normalizing log-scale motion via Ledger One through ko = Fy,A\c;

o interpreting W as a benchmark self-adjoint Aether-like scale filter.

The next step is to instantiate an APM-motivated discretization (finite scale window + packing
closure) and define Operator Package 2: a self-adjoint Hapy whose discrete spectra can be used for
APM mode predictions.
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