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1 POSITION IN THE SERIES AND WHAT REMAINS 1

Abstract

This package completes the interface between Modules B and C in the Riemann Function
Operators program. Module C is already operationally packaged in Operator Package 9 via
the Herglotz ratio certificate and Hermite—Biehler forcing on growing windows. The remaining
analytic bottleneck is the Module B jet condition (B3), which requires matching the even
Maclaurin jets of the canonically normalized determinant limit with those of the classical
Riemann =.

The main contribution here is to convert (B3) into a fully explicit trace-class jet target by
splicing together: (i) the kernel-moment jet identity for = (Package 7), and (ii) the commutator-
kernel jet formulas and determinant-jet continuity pipeline (Package 8). The result is a complete,
checkable discharge checklist: once (B1)—(B3) are verified, Package 9 applies unchanged and forces
real zeros of the limiting determinant, thereby concluding RH via the Module A identification.
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1 Position in the series and what remains

Operator Package 7 closes Module A by proving ZEapm(t) = Z(t) as entire functions under the
canonical APM theta partition [Thomson III, 2026b,a]. Operator Package 8 (Module B) promotes
the trace-class Fredholm determinant closure and reduces equality of entire functions to even-jet
matching at the origin via determinant-jet continuity [Thomson III, 2026¢, Simon, 2005, Bornemann,
2010]. Operator Package 9 (Module C) provides the positivity forcing mechanism: if the windowed
ratio 77(2) = A, ;(2)/AL;(2) is Herglotz on C in a window-stable way, then the limiting entire
function has onlif real zeros [Thomson III, 2026d, de Branges, 1968].
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What remains. Within Module B, the cutoff removal (B1) and window-removal existence /normalization
(B2) are treated by trace-ideal continuity methods as in Package 8. The remaining analytic content

is (B3): prove that the even jets of the canonically normalized determinant limit match the even
jets of =.

2 Standing objects (by reference to Packages 8-9)

We adopt the notation of Package 8 for the finite window I = [g_, ¢;] (length L), the windowed
convolution W built from the APM xi-kernel ®apyg, the twist Wi (t) = UW U, with Uy(q) = €%,
the Sobolev weight A; = (I+HAPM)_S/2 for s > %, and the trace-class family K ;(t) = A;Wi(t)As €
S1 [Thomson III, 2026¢]|.

We adopt the determinants and ratio of Package 9:
Acr(®)

AT (t) == det(I £ K, s (1)), 7r1(t) := A;ff(t)’

and the Hermite—Biehler packaging Fr(t) = A;I(t) — 1AL ;(?) [Thomson III, 2026d].

2.1 Checkpoint B3-N: Numeric jet—moment matching under window growth
(Cauchy vs. moments)

This checkpoint provides a falsifiable numerical test of the Module B jet condition (B3) on finite
windows. It compares two independent evaluations of the even Maclaurin jets at the origin: (i) jets
of the canonically normalized windowed determinant via Cauchy differentiation on a small circle in
the complex ¢-plane, and (ii) jets of E via kernel moments of ®apy;.

Setup. Fix s > %, A € R, and a growing-window sequence I}, = [¢— (L), ¢4+ (L)] with Ly(L) — oo.
Let _
2(0)

AL ()= A, (¢
S,IL() AIIL(O) SJL()

denote the canonical normalization used in Module B (Package 8), so that A ; (0) =

[11

(0).

Cauchy jet extraction. Fix a Cauchy radius p > 0 and an integer k£ > 0. By Cauchy’s integral

formula,
M)t [ AL ()
A9 g) = { / Sl . 1
s, Iy, ( ) 27 it]=p 12k+1 ( )
A stable discretization is the trapezoidal rule on the circle t = pe'?: with 6; :=2mj/N,
N-1
2k (2k’)' i0.; —2ki6.:
Ag,(IL )(0) ~ N,02k Z AgJL(pe 9]) € 2 HJ' (2)
—

(For analytic integrands, the trapezoidal rule on circles converges rapidly in N.)

Moment target (Package 7 splice). By Theorem 4.1,

=9(0) = (1" [ ¢ @api(a)da. g

— 00



4 THE REMAINING MODULE B HYPOTHESIS: (B3) EVEN-JET MATCHING MADE
EXPLICIT 3

Error metric and expected signature. Define the (absolute) jet mismatch at window length L
by
ex(L) := [ (0) - 2 (0)|. (4)

s,

If the jet discharge hypothesis (B3) holds, then for each fixed k one expects
ex(L) —0 as Ly(L) — oo,
with robustness under moderate changes of (p, V).

Practical robustness checks. To avoid false positives/negatives due to numerics:

o test multiple radii p € [pmin, Pmax) and confirm the extracted jet is stable in p;

o increase N until (2) stabilizes (spectral convergence is typical for analytic data);

e tun k = 0,1, 2,3 first; higher k are increasingly sensitive to numerical error and to window
truncation.

Remark 2.1 (Status). Checkpoint B3-N is not a proof of (B3); it is an operational, falsifiable
diagnostic that directly tests the even-jet matching requirement on finite windows and tracks
convergence under window growth.

3 Module C handoff contract (exactly as Package 9 uses it)

Definition 3.1 (Module B — Module C handoff statement). A walid Module B handoff consists of:

o an even entire limit Ay o obtained as a canonically normalized window-removal limit of AT, (¢)
on symmetric growing windows I = Iy, with local-uniform convergence on C; and

o an identification A o (t) = E(t) as entire functions.
This is precisely the “Module B handoff (assumed)” used in Package 9 [Thomson III, 2026d].

Remark 3.2 (Why Package 10 does not re-prove Module C). Package 9 already contains the full
forcing chain: Herglotz ratio = Hermite—Biehler = real zeros of A;t ; on each window = real
zeros of the limit under local-uniform convergence, stated both as a bridge theorem and as a final
programmatic closure theorem (see Operator Package 9 [Thomson III, 2026d]). Package 10 only
ensures the handoff Theorem 3.1 is discharged, after which Package 9 applies unchanged.

4 The remaining Module B hypothesis: (B3) even-jet matching
made explicit

4.1 Package 7: even jets of = are kernel moments

Lemma 4.1 (Kernel-moment jet identity for = (Package 7 splice)). Let ®apy : R — R be even and
super-exponentially decaying, and define

[1]

(t) = /_O:o (I)APM(q)eitq dq.
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Then = is even entire and its even derivatives at the origin satisfy

[1]

0) = (1" [ eapula)ds, k>0,

— 00

with absolute convergence. (This is the “jets via kernel moments” checkpoint recorded in Package 7.)

Proof. Differentiate under the integral sign; odd derivatives vanish by evenness. O

4.2 Package 8: determinant jets reduce to trace-class operator jets

Lemma 4.2 (Commutator jet formula (Package 8 splice)). Let Q be multiplication by q on I and
U, = €9, For each integer k > 0,

dk

Sl w0 = Gadgrrov), ade(r) = 1@.7)

and consequently

K1(0) = Auiado)"(Wi)A. € 5..

Proof. This is the “iterated commutator jet formula” in Package 8, using boundedness of () on
1. O

Lemma 4.3 (Explicit commutator kernels for windowed convolutions (Package 8 splice)). If
(Wi1f)(q) = [; Papmlg — u)f(u) du, then (adg)® (W) is an integral operator with kernel

(g —u)* @ apm(g — ).

Proof. This is the commutator-kernel identity proved in Package 8 by direct computation and
induction. O

Lemma 4.4 (Determinant jets are continuous under trace-class jet convergence). Let K, : C — Sy be
entire Sy-valued maps with K,(l])(O) — KU)(0) in Sy for 0 < j <m. Define A (t) := det(I + MK, (t))
and A(t) :=det(I + \K(t)). Then

AR (0) = A® ) (0 <k <m).

Proof. Fredholm determinant is Fréchet analytic on S;, with bounded multilinear derivatives on
Si-bounded sets; see Simon [2005]. This is the determinant-jet continuity pipeline recorded in
Package 8. O

4.3 The explicit (B3) target in “audit form”

Theorem 4.5 (Explicit discharge target for (B3)). Assume the Module A identification (Package 7)
and assume Module B provides a canonically normalized window-removal limit Ay oo with Ag o #Z 0
(Package 8). Then to complete the handoff Theorem 3.1, it suffices to prove the even-jet matching
condition

ARy =2CR ) (k> 0).

§,00
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By Theorem 4.1, this is equivalent to proving
o0
AZ(O) = (1" [~ ¢* Barila) g
—0o0

Moreover, by Theorem 4.4 it is sufficient to establish trace-class convergence of the operator jets

KiJ}L (0) as L — oo for each finite j, where these jets are explicitly represented by Theorems 4.2
and 4.3.

Proof. Even entire functions are determined by their even Maclaurin jets. The moment identity is
Theorem 4.1, and determinant-jet continuity is Theorem 4.4. O

Remark 4.6 (What is now left to do in (B3)). At this point, (B3) is a concrete and falsifiable
statement:

o analytically: prove the window growth error in the commutator kernels (q — u)?®apn(q — u)
becomes negligible in trace norm after the Sobolev sandwich Ag(-)As; or

o computationally: evaluate A:IL (t) by Nystrom/Fredholm determinant numerics and compare
the even jets at 0 (via Cauchy differentiation) to the kernel moments from Theorem 4.1.

5 Module C is then automatic (by Package 9)

Theorem 5.1 (B3 discharge + Package 9 = real-zero forcing). Assume the handoff Theorem 3.1
is discharged. If, in addition, the Module C hypotheses of Operator Package 9 hold on a sequence
of growing windows Iy, (e.g. the Herglotz ratio conditions and window-stability assumptions stated
in Operator Package 9 [Thomson III, 2026d]), then Ag o has only real zeros. Since Ag oo = =, it
follows that = has only real zeros.

Proof. This is exactly the conclusion of Package 9 once the Module B handoff is available. O

6 Consequence: Package 11 can be the one-page terminal wrapper

Package 11 simply concatenates:

o Operator Package 7 (Module A): Epxpy = E [Thomson 111, 2026b],

o Operator Package 8 + this Package 10 (Module B): discharge the handoff Theorem 3.1 and
obtain Ag o = = [Thomson III, 2026¢],

o Operator Package 9 (Module C): apply the Herglotz/Hermite—Biehler forcing on growing
windows to force real zeros for Ag o, hence for Z [Thomson III, 2026d],

to conclude RH.
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