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Abstract

Operator Packages 1-3 establish a self-adjoint log-scale operator mechanics in which a
compact kernel operator acts as a coherence filter whose Fourier multiplier is the Riemann
=(t) function Thomson IIT [2026a,b,c]. In those packages, the kernel is introduced by matching
analytic-number-theory data (a theta-built kernel), which leaves a single circular step if the
long-run goal is a Hilbert—Pélya closure program (cf. Connes [1999], Berry and Keating [1999]).

Operator Package 4 removes that circularity by constructing an APM-native partition
function from: (i) the dual-resonance (S x S!) structure of the Aether cell and its holonomy
normalization Thomson IIT [2025b], (ii) integer loxodromic winding sectors fixed by the Aether
geometry constant A, = 1672 and packing closure Thomson III [2025¢,d], and (iii) ledger
invariants that stabilize the QMU frame Thomson III [2025e,c]. The resulting partition obeys
a modular inversion symmetry arising from resonance-cycle exchange, which induces an even,
rapidly decaying kernel ®apn(g) on log-scale (cf. standard theta theory Zagier [2008]). We define
the induced multiplier Expp(t) and show that all functional-analytic statements of Operator
Packages 1-3 carry over with ® — ®5py.

The remaining open step for an RH-resolution program is then isolated to a single identifi-
cation theorem: prove Zapny(t) = Z(¢) from APM invariants and/or construct a characteristic
determinant /secular equation whose zero set coincides with Zapy (compare operator-based
criteria and equivalents in Connes [1999], Suzuki [2023]).
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1 Purpose and scope

Operator Packages 1-3 build a coherence-first spectral mechanics on the log-scale coordinate ¢
with a self-adjoint operator backbone and a compact kernel filter whose spectral multiplier is =(t)
Thomson IIT [2026a,b,c]. Those packages emphasize finite-window realizability and holonomy-
controlled discretization, but they import the classical Z-kernel from analytic number theory
(standard theta/xi representations may be found, e.g., in Coffey [2004], Zagier [2008]).

This paper reverses the arrow of implication. We derive an APM partition function on log-scale
from the geometry of the Aether resonance cell and the discrete winding sectors fixed by the Aether
geometry constant A, = 1672 and packing closure Thomson IIT [2025¢,d]. We then define an APM
kernel ®apni(q) as a fized differential functional of that partition and define the induced multiplier
ZapMm(t) by Fourier transform. The result is an APM-derived E-filter suitable for substitution into
Packages 1-3.

Remark 1.1 (Scanner versus generator). Packages 2-3 discretize spectrum by finite-window closure
and holonomy phase, producing a Fourier grid ¢, = (27n + 1)/L, Thomson III [2026b,c]. This is
a scanner grid, not yet a generator for Riemann-zero ordinates (contrast Hilbert—Polya-oriented
constructions and spectral heuristics in Connes [1999], Berry and Keating [1999], Suo [2025]).
Operator Package 4 addresses a different bottleneck: it replaces a theta-built input kernel with an
APM-built kernel, eliminating circularity in the filter definition.

2 Lexicon: frequency, resonance, and space-resonance

Definition 2.1 (Frequency vs. resonance). A single cyclic parameter is a frequency variable freq.
A paired (two-cycle) closure is a resonance variable rson with

rson := freq?.

Equivalently, one may speak of two orthogonal frequency cycles rather than “one resonance cycle.”

Definition 2.2 (Space-resonance cell). The APM resonance cell is modeled as Euclidean space
coupled to two cyclic parameters:
R3 x S(ll) X 5(12).
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Accordingly, the natural composite descriptor is space-resonance (volume coupled to resonance),
rather than “space plus time.” The resonance-cycle exchange symmetry S(ll) > 5(12) is the structural
input that drives modular inversion on the log-scale partition in this paper.

Remark 2.3 (Aether-unit simultaneity). In the Aether unit, the coupled cycles are taken to operate
at the same frequency Fj as a simultaneous closure (ledger normalization and Aether geometry
constants are summarized in Thomson IIT [2025¢]).

3 Ledger normalization and resonance-cell input

We adopt the QMU log-scale coordinate

q:=log(¢/\c),

and its Fourier-conjugate scale-harmonic frequency ¢ (the spectral variable for the log-translation
generator).

We use the standardized Ledger One correspondence:
A, - curl = (Fhe)?,

as a normalization anchor for propagation closure Thomson IIT [2025¢]. Define the canonical
propagation constant
ko = Fy)c.

This fixes the ledger-normalized spectral scale used throughout the operator packages Thomson II1
[2026a,b,c].

3.1 Dual resonance geometry
The APM resonance cell is modeled as

The essential symmetry for this paper is the exchange S(ll) - 5(12), which will induce inversion

symmetry on a positive scale parameter 2 > 0 and therefore on ¢ via z = €% (see standard modular
inversion discussions in Zagier [2008]).

3.2 Four-sector seat map
APM resolves the Aether geometry constant as a four-seat (four-loxodrome) phase budget:
A, = 167

Thomson IIT [2025¢,d]. In Operator Package 4 we use it as a normalization constraint: the admissible
partition weights must respect the four-sector decomposition.
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4 APM partition function as a winding lattice sum

4.1 Quadratic winding action

The minimal winding action compatible with: (i) integer winding sectors, (ii) constant-pitch
loxodromic closure, (iii) resonance-cycle exchange symmetry, is quadratic in the integer winding
index (the canonical modular-invariant lattice weight; see Zagier [2008]).

Definition 4.1 (APM quadratic winding weight). For > 0 and n € Z define the quadratic winding

weight

w(n; x) := exp(—mn’z).

The parameter x is a positive scale ratio constructed from the dual resonance geometry. We set
z = e,

so that resonance-cycle exchange acts as x — 1/z and therefore ¢ — —q.

4.2 The APM theta partition

Definition 4.2 (APM theta partition). Define the APM theta partition function for x > 0 by

QAPM(x) = Z e—7rn2x_

neL

Define its log-scale form by
©apm(q) := Oapm(e®?).

Remark 4.3 (Sector multiplicity). The four-sector seat map may be represented by an overall
multiplicity factor or by a degeneracy weight on winding sectors. Such factors do not alter modular
inversion and can be absorbed into later normalization constraints applied under packing closure
Thomson III [2025d].

5 Modular inversion from resonance-cycle exchange

Theorem 5.1 (Modular inversion). For all x > 0,

GAPM(«T) = x_1/2 QAPM(I/x)-

FEquivalently, for all ¢ € R,
Oarm(q) = e 7Oapm(—9)-

Proof. Let f(u) := e~™ for > 0. Its Fourier transform is

f(k‘) _ / e—ﬂmu2 e~ 2miku g, x—1/2€—7rk2/x‘

—00
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By Poisson summation (see, e.g., Miller and Schmid [2004], Zagier [2008]),

> fn) =" f(k),

neL keZ

hence

Z e—7r:cn2 _ $—1/2 Z e—ﬂkz/x'

nez keZ

This proves Oapym(x) = x_l/QGApM(l/x). Setting = = €27 gives
Oaprm(q) = Oapnm(e®?) = e Oapmle ) = e 10 xpm(—q).
]

Remark 5.2 (Physical reading). The inversion x — 1/z is the analytic expression of exchanging
the two resonance-cycle scales. Under x = e?? this becomes g — —g¢, i.e. a log-scale reciprocity.

6 APM-derived xi kernel and induced multiplier

The next step is to define the kernel as a fized functional of ©spy;. The goal is to guarantee: (i)
O opy is real, even, rapidly decaying; (ii) ZEapw is real, even, entire; (iii) the operator mechanics of
Packages 1-3 carries over verbatim.

6.1 Even heat-trace surrogate

Define
G(q) := e (Oapm(q) — 1).

By Theorem 5.1, the combination e?/20 ApM(q) is even:

20 pm(q) = €2 apm(—1q),

hence G(q) is even as well. This is the APM-native counterpart of the standard evenized theta-trace
combinations used to build {-kernels (compare Coffey [2004], Zagier [2008]).

6.2 Definition of the APM kernel

Definition 6.1 (APM xi-kernel). Define the APM kernel by

2
Papm(q) = % (i - iﬂ) G(q)-

Define the induced multiplier by Fourier transform

m .
Eaprm(t) ;:/ P apn(g) e dg.
—o0
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Remark 6.2 (Why this particular differential functional). The operator (% — %) is the minimal even-

preserving second-order functional that matches the canonical “% + t27-type spectral factorization
motifs of &-kernel constructions while remaining purely log-scale and resonance-exchange driven; see
representative discussions and related integral transforms in Coffey [2004], Suzuki [2023].

Lemma 6.3 (Parity and reality). ®apy is real and even, and therefore Zapy is real and even on
R.

. 2 . .
Proof. G is real and even. The operator (% — j?) preserves reality and evenness, so ®5py is real
and even. The Fourier transform of a real even function is real and even on R. O

Lemma 6.4 (Super-exponential decay). ®apn(q) decays faster than e84 for every 8 > 0 as
lg| — oo.

Proof. Write x = e?1. For ¢ — 400 we have x — oo and

Oapm(z) — 1 =2 Z e e

n>1

is dominated by 2¢~"" hence by 26_”2q, which is super-exponentially small in ¢q. For ¢ — —o0, use
modular inversion:

Oapn(e??) = e 90apn(e29),

reducing again to the ¢ — +oo regime in the transformed variable. Multiplying by e%/2 and applying
a finite number of g-derivatives preserves super-exponential decay. Therefore ®spy\ decays faster
than e 219l for any fixed 8 > 0. O

Lemma 6.5 (Entire extension). ZEapn(t) extends to an even entire function on t € C.

Proof. Let t = a4 ib € C. Then |e?| = |e!e+)1| = ¢=ba < ¢llldl By Lemma 6.4, for any fixed
b there exists § > |b| such that |®apn(q)] < Ce P19l for all sufficiently large |g|, so the integrand
|®Apn(q)e™d| is absolutely integrable on R. Hence the integral defining Zxpp(t) converges absolutely
for all t € C.

Moreover, the same bound dominates 0 (®apnm(q)e?) = iq Papn(q)e® (and higher t-derivatives)
because super-exponential decay dominates any polynomial growth in |g|. Therefore differentiation
under the integral sign is justified for all ¢ € C, implying holomorphy everywhere and thus that
=apM is entire. Evenness follows from the evenness of ® apn- O

Remark 6.6 (Where packing closure enters). The definition above is the minimal APM-consistent
kernel forced by resonance exchange symmetry and integer winding. Packing closure enters through
admissible deformations of the winding degeneracies and the associated normalization constraints
on Oapn (see Thomson 111 [2025d]), which can refine ®Apyr while preserving the inversion symmetry
of Theorem 5.1.

7 Self-adjoint kernel operator: Package 1 replacement
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7.1 Infinite-line operator

Let H = L?*(R,dq) and define the log-translation generator

(Pf)(g) = —j; Dom(P) = H(R).

Define the convolution operator
(Wapm/f)(q) = / Parm(g — u) f(u) du.

Then by Lemmas 6.3-6.4, Wapy; is bounded and self-adjoint on L?(R), and diagonalizes under
Fourier transform:
]:WAPM]:_I = MEAPM‘

Equivalently,
Warnm = Eapm(P).
This is the Package-1 backbone with the single substitution ® +— ®spy (cf. Thomson III [2026a]).

7.2 Finite-window operator

On a finite log-scale window I = [¢_, ¢+| define the truncated kernel operator

a+

Wif)(a) = Papm(q — u) f(u) du.

q7
Then W; is Hilbert-Schmidt and hence compact and self-adjoint on L?(T).
Remark 7.1 (Fejér smoothing persists on finite windows). When Vapy = 0 and the basis is
the holonomy Fourier basis on I, diagonal samples of W recover a Fejér-smoothed sampling of
ZapMm(t) exactly as in Operator Packages 2-3 (smoothing is intrinsic to finite-window truncation;
see Thomson IIT [2026b,c] and, for related summability context, Weisz [2025]). The distinction in
Package 4 is that Zapy is now derived from APM partition symmetry rather than stipulated from
classical = input.

8 Integration with Operator Package 3: coherence-filtered selec-
tion

Let the discretized APM Hamiltonian be
2

_dT]Q + Varm(q)

Hapm =

on I with holonomy-controlled quasi-periodic boundary conditions

flav) =¢" f(q-).

For an energy cutoff E, define the spectral projector

Hg, = 1o g (Haprm),
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and the Package-3 selection operator
Sg, =g Willg,.

Then Sg, is finite-rank self-adjoint and supports the same variational characterization of its extremal
eigenpairs as a coherence-survival principle Thomson IIT [2026¢].

Remark 8.1 (What changes in Packages 1-3). Only one substitution is required: replace the
theta-built kernel ® everywhere by ®apn. All operator-theory statements in Packages 1-3 remain
structurally unchanged Thomson IIT [2026a,b,c].

9 The remaining identification step and RH program fork

9.1 Identification theorem (target)

Theorem 9.1 (Identification target). Assume the APM partition Oapn is uniquely fized by APM
invariants (four-sector seat map A, packing closure, and holonomy normalization) Thomson 11
[2025¢,d,b]. Then the induced multiplier Zapm(t) is uniquely fized by Definition 6.1. If, in
addition, Zapm satisfies the classical xi normalization and functional equation constraints, then

=apMm(t) = Z(1).

Remark 9.2 (What must be supplied to complete Theorem 9.1). Operator Package 4 establishes the
modular symmetry and the induced even kernel from minimal APM winding/duality assumptions,
replacing the circular “theta-input” step. To upgrade from “xi-like” to the classical = requires: (i)
an APM uniqueness claim for the winding action and degeneracies (packing/sector weights), (ii) a
normalization match at ¢ = 0 and/or matching of the first Taylor coefficients of Z, (iii) a uniqueness
theorem for entire even order-one functions under those constraints. Standard operator-theoretic
RH programs and equivalent criteria provide comparison baselines Connes [1999], Suzuki [2023].

9.2 Fork: proof-supporting vs falsification-supporting outcomes

If Zapm = =, then Packages 1-3 become a physically grounded self-adjoint framework for building
a characteristic (determinant/secular) formulation of E zeros. If Zxpy # = in a way that persists
under the window-removal limit, then the APM predicts an alternate xi-like multiplier and Packages
2-3 become a controlled falsification/diagnostic pipeline for that deviation. Either way, the scanner
mechanics remains well-posed and computationally stable Thomson III [2026b,c].

9.3 Statistics checkpoint (optional but decisive)

Beyond pointwise identification, a decisive intermediate checkpoint is whether the induced zero
statistics implied by Zapn align with the expected pair-correlation / random-matrix phenomenology
(as a diagnostic, not as an axiom) Rudnick and Sarnak [1996], Berry and Keating [1999]. This does
not replace identification, but it sharply constrains admissible APM deformations of the partition
weights.
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A Explicit series forms

For z = €24,

o 2

9APM(£) =142 Z e T,

n=1

Therefore -
G(q) = e?/? (Oapm(e®?) — 1) = 2¢4/? Z emmnie,
n=1

Differentiating yields an explicit rapidly decaying series for ®opyi(q); the super-exponential form is
what makes the entire extension in Lemma 6.5 immediate.
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