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Abstract

Operator Package 4 derives an APM-native theta partition from resonance-cycle exchange
(Poisson summation) and defines an APM xi-kernel ΦAPM via a fixed differential functional
acting on an evenized theta-trace surrogate. The induced Fourier multiplier is an entire function
ΞAPM(t). Operator Package 6 isolates the Riemann Hypothesis (RH) program into three modules;
Module A requires the identification ΞAPM(t) ≡ Ξ(t) for the classical Riemann Ξ(t) = ξ( 1

2 + it).
This paper closes Module A: under the canonical (unweighted) APM winding partition selected in
Package 4, the APM theta partition coincides with the classical Jacobi theta series, the induced
APM kernel coincides with the standard Riemann Ξ-kernel, and therefore the induced multipliers
agree as entire functions on C.
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1 Purpose and position in the series

Packages 1–3 establish the operator backbone: log-scale translation, finite-window holonomy
discretization, compact even-kernel filtering, and coherence selection [Thomson III, 2026a,b,c].
Package 4 reverses the import direction by deriving a theta partition from APM resonance geometry,
proving modular inversion via Poisson summation, and defining an induced xi-kernel and multiplier
ΞAPM [Thomson III, 2026d]. Package 5 supplies a determinant generator module and isolates the
remaining analytic bottlenecks in the large-limit determinant closure [Thomson III, 2026e]. Package
6 formalizes the full proof program as three modules (A)–(C): identification, determinant closure,
and positivity [Thomson III, 2026f].

Scope of this package. This package completes Module A of [Thomson III, 2026f] by proving the
identification

ΞAPM(t) ≡ Ξ(t) as entire functions on t ∈ C.

Determinant closure (Module B) and positivity (Module C) remain separate and are addressed in
subsequent packages.

2 Definitions recalled from Package 4

2.1 APM theta partition and log-scale form

Definition 2.1 (APM theta partition). For x > 0 define

θAPM(x) :=
∑
n∈Z

e−πn2x. (1)

Define the log-scale form by x = e2q:

ΘAPM(q) := θAPM(e2q), q ∈ R. (2)

Remark 2.2 (Resonance-cycle exchange ↔ modular inversion). In Package 4, resonance-cycle
exchange acts as x 7→ 1/x, equivalently q 7→ −q, and Poisson summation yields the modular inversion
identity

θAPM(x) = x−1/2θAPM(1/x) ⇐⇒ ΘAPM(q) = e−qΘAPM(−q), (3)
which is the classical modular inversion for Jacobi theta [Zagier, 2008, Miller and Schmid, 2006].

2.2 Evenized theta-trace surrogate and the induced xi-kernel

Definition 2.3 (Evenized trace surrogate and APM xi-kernel). Define

G(q) := eq/2(ΘAPM(q) − 1
)
, (4)

and define the APM kernel
ΦAPM(q) := 1

2

(
1
4 − d2

dq2

)
G(q). (5)

Define the induced multiplier by Fourier transform

ΞAPM(t) :=
∫ ∞

−∞
ΦAPM(q) eitq dq. (6)
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Package 4 establishes that ΦAPM is real, even, and super-exponentially decaying, hence ΞAPM
extends to an even entire function (order 1) on t ∈ C [Thomson III, 2026d].

Remark 2.4 (Fourier convention and 2π factors). Different references place 2π factors and the ±
sign in the phase differently. In this paper we use

∫
Φ(q)eitq dq. Because the kernel Φ is real and

even, replacing eitq by e−itq yields the same even multiplier. Any 2π rescaling is absorbed by a
corresponding change of frequency variable; the identification below is therefore a matter of using a
single convention consistently.

3 Classical xi-kernel and multiplier

3.1 Jacobi theta and the standard xi-kernel functional

Let
θ(x) :=

∑
n∈Z

e−πn2x, x > 0, (7)

the Jacobi theta series (often denoted θ3(0|ix)). Its modular inversion θ(x) = x−1/2θ(1/x) is a
standard consequence of Poisson summation [Zagier, 2008, Miller and Schmid, 2006].

A standard representation of the Riemann Ξ function is obtained by defining, for q ∈ R,

GΞ(q) := eq/2(θ(e2q) − 1
)
, (8)

then defining the kernel

ΦΞ(q) := 1
2

(
1
4 − d2

dq2

)
GΞ(q), (9)

and finally
Ξ(t) :=

∫ ∞

−∞
ΦΞ(q) eitq dq. (10)

These kernel representations and their properties are classical; see, e.g., Titchmarsh and Heath-Brown
[1986] and modern integral-kernel treatments such as Coffey [2004].

4 Identification closure: ΞAPM ≡ Ξ

4.1 Theta identity: θAPM = θ

Theorem 4.1 (Theta identification). The APM theta partition θAPM defined in (1) coincides
pointwise with the classical Jacobi theta series θ in (7). In particular,

θAPM(x) = θ(x) for all x > 0, and ΘAPM(q) = θ(e2q) for all q ∈ R.

Proof. Both θAPM and θ are defined by the same absolutely convergent series ∑n∈Z e−πn2x for x > 0,
hence they coincide identically.
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4.2 Normalization and sector multiplicities

Package 4 derives the canonical winding-lattice partition and then uses packing closure to select
the unweighted (degeneracy-free) normalization that feeds the xi-kernel functional [Thomson III,
2026d]. This matters because any non-canonical degeneracy weight produces a genuinely different
entire multiplier and therefore breaks identification unless the weight is trivial.

Definition 4.2 (Degeneracy-weighted theta deformation). Let ρ : Z → (0, ∞) satisfy ρ(−n) = ρ(n)
and ρ(0) = 1. Define

θρ(x) :=
∑
n∈Z

ρ(n) e−πn2x. (11)

Lemma 4.3 (Scalar deformation induces an entire discrepancy). If ρ(n) ≡ α for all n ̸= 0 and
ρ(0) = 1, then the induced multiplier satisfies

Ξρ(t) = Ξ(t) + (α − 1) Ξtail(t),

where Ξtail is the Fourier multiplier induced by the nonzero-winding tail θ(e2q) − 1. In particular,
the discrepancy vanishes identically if and only if α = 1.

Proof. The construction G(q) = eq/2(Θ(q) − 1) removes the n = 0 sector and isolates the tail. A
scalar change of the tail by (α − 1) propagates linearly through the differential functional 1

2(1
4 − ∂2

q )
and the Fourier transform, yielding the stated decomposition.

Remark 4.4 (Canonical choice). The identification theorem below is stated for the canonical
unweighted choice ρ(n) ≡ 1, which is exactly (1). This is the normalization selected in the APM
derivation and is the unique choice in this family that leaves the multiplier unchanged.

4.3 Kernel identity and multiplier identity

Theorem 4.5 (Kernel identification). Under the canonical (unweighted) APM theta partition (1),
the induced APM kernel ΦAPM coincides pointwise with the standard Riemann xi-kernel ΦΞ:

ΦAPM(q) = ΦΞ(q) for all q ∈ R.

Proof. By Theorem 4.1, ΘAPM(q) = θ(e2q) for all q. Substituting into (4) gives G(q) = GΞ(q) as
defined in (8). Applying the same differential functional (5)–(9) yields ΦAPM(q) = ΦΞ(q) for all
q.

Theorem 4.6 (Identification closure: ΞAPM ≡ Ξ). Under the canonical APM theta partition (1),
the induced multiplier ΞAPM agrees with the classical Riemann multiplier Ξ:

ΞAPM(t) ≡ Ξ(t) as entire functions on t ∈ C.

Proof. By Theorem 4.5, ΦAPM = ΦΞ pointwise on R. Therefore the Fourier integrals (6) and
(10) coincide for all real t. Both sides extend to entire functions (Package 4 establishes entireness
for ΞAPM [Thomson III, 2026d]; classical references establish entireness for Ξ [Titchmarsh and
Heath-Brown, 1986]). Hence equality on R implies equality on C.
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5 Operational checkpoints (optional but decisive)

This section is an auditor-facing numerical corroboration protocol. The theorems above are exact
identities under the canonical partition (1); the checkpoints validate implementations and guard
against unintended deformations (e.g. sector weights, truncated sums, or inconsistent Fourier
conventions).

5.1 Checkpoint A1: Maclaurin jets via kernel moments

Since ΦAPM is even and super-exponentially decaying, all even moments exist [Thomson III, 2026d].
Differentiating under the integral sign in (6) yields

Ξ(2k)
APM(0) = (−1)k

∫ ∞

−∞
q2k ΦAPM(q) dq, k ≥ 0. (12)

Compute the left-hand side from Ξ (high precision) and the right-hand side from numerical quadrature
of ΦAPM built from (1)–(5). Agreement across k = 0, . . . , N validates the kernel pipeline end-to-end.

5.2 Checkpoint A2: first-zero agreement

Evaluate ΞAPM(t) on a real grid, locate sign changes (or use root-finders), and compare the first
several zeros against standard tabulations for Ξ(t) (see, e.g., Titchmarsh and Heath-Brown [1986]
for classical properties and references).

5.3 Checkpoint A3 (negative control): weighted-sector deformation

Implement θρ in (11) with a controlled nontrivial ρ (e.g. ρ(n) = 1 + ε1n̸=0) and verify that
Ξρ deviates from Ξ as predicted by Theorem 4.3. This tests sensitivity and ensures that later
determinant-normalization steps do not inadvertently absorb a non-canonical kernel deformation.

6 Consequences for the proof program

Package 6 isolates RH resolution into: (A) identification, (B) determinant closure, and (C) positivity
[Thomson III, 2026f]. This package completes (A) in the canonical APM partition regime by proving
ΞAPM ≡ Ξ. Therefore:

• In Package 5, the determinant-closure target is now unambiguously the classical Ξ (no longer
an APM-only surrogate), and the remaining analytic work is the large-limit determinant
closure conjecture [Thomson III, 2026e].

• The remaining RH-critical task is the positivity/canonical-system mechanism for the determinant-
closed function ∆(t) produced by Package 5 [Thomson III, 2026e].
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A Copy/paste summary block

Operator Package 7 (Identification closure). Define θAPM(x) = ∑
n∈Z e−πn2x and ΘAPM(q) =

θAPM(e2q). Define G(q) = eq/2(ΘAPM(q) − 1), ΦAPM(q) = 1
2(1

4 − ∂2
q )G(q), and ΞAPM(t) =∫∞

−∞ ΦAPM(q)eitq dq. Then θAPM is exactly the Jacobi theta series, hence ΦAPM is exactly the
standard Riemann Ξ-kernel and ΞAPM(t) ≡ Ξ(t) as entire functions.
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